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WHEREIN 
The PRINCIP L ES are demonſtrated ; 
A N D 


The Pra ori thereof ſhewn in the Solution of 
PROBLEMS. 
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E that writes upon a new or flrange ſubjef, little treated 

on before; has ſomething more to do, than he that writes only 

on common or known matters. For he not only has his ge- 
neral ſcheme to lay, and the ſeveral parts of his work to connect pro- 
perly together; but be has numberleſs computations to go through, which 
never before have been attempted; and which, without trial, he is 
ignorant whether they will ſucceed or not; and like a traveller wan- 
dering in an unfrequented and deſolate country, muſt often turn back 
and begin his progreſs anew. But this is not the fate of a common 
writer, his road lies plain before him, and he cannot be at a Loſs to 
find it, where ſo many people have led the way before ; and his labour 


is often no more than mere tranſcribing. 


In the preſent affair, as I ſet off in an unfrequented path, where 
few have gone before me; and as my ſubjef lies out of the common 
road; ] have taken no little pains, in order to treat it with all ima- 
ginable perſpicuity, to make the Principles intelligible, and the practice 
eaſy. And yet ] have conſulted brevity as much as I could, for fear of 
being thought tedious, or that I was writing only for the bookſellers. 

The 
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Me Inventor of the Method of Increments was the learned Dr. 


Taylor, who, in the year 1717, publiſhed a treatiſe of that method; 
and afterwards gave ſome farther explanation of the ſame in the 
Philoſophical Tranſactions, as applied to the finding the ſums of 


ſeries. But as the Doctor's writings upon this ſubject, are all in 


Latin, and have never been tranſlated entire; and as his way of 
writing is ſo very ſhort and abſtracted, as not to be obvious to common 
readers; it has happened, that this elegant method of computation has 
lain ever ſince in obſcurity, has been read by few, and improved by 


Ane. 


De Differential Method of Mr. Sterling, qohich he applies to the 


ſummation and interpolation of ſeries, is of the ſame nature as the 


Method of Increments, tut not ſo general and extenſive. Neither does 
be uſe the Doctor's way of notation, but proceeds in a method of his 
own, ſufficient to anſwer the uſes he applies it to. But both theſe au- 
thors frequently leave their proper ſubjefts, and make digreſſions into 


Fluxions, as there every where appears to be a great analogy between 


the two methods. 


In the following book, T have extracted from both theſe authors fo : 
much of this ſubje&t, as I thought neceſſary to compleat my plan, and have 


fo methodized and combined them together, and made ſuch farther ad- 
* ditions thereto, as I thought was wanting for advancing both the theory 


and practice, and for reducing this art to a regular, uniform, and 
general method. Wherein I firſt lay down and demonſtrate the Prin- 
cifles it depends on; and then J apply them to practice in the ſolution 


F problems. In which, J hope, 1 ſhall not confound my readers, by 


running from one ſulject to another, but N cloſe to my projet 
Crjineſs. 
But 
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| But I ought to obſerve, that I uſe a way of notation fometbing 


* different from Dr. Taylor. He puts x, E, E, &c. for the pre- 
ceding values; and 2, S, S, &c. for ſucceeding values of Z. And 


LAN) 


be puts 2, Ky 2 &. for Z, 2, 2, &c. the number written un- 


derneath, FIT ng the number of points. But as the different 
values of 2, far oftener occur to me, in the practice, than different 
numbers of points, and greater in degree too; I find it more con- 
venient to expreſs the different values Fx by numbers, viz. precedi ng 
values by negative numbers, and ſucceeding values by affirmative ones, 
written underneath. And for the increment of any order, I put its 
proper number of points, as that number 1s never very great. 


By belp of this method, a great many beautiful problems are 
eafily ſolved, which ſcarce admit of a ſolution any other way. As, 
ſuppoſe ſeveral ſeries of quantities be given, whoſe terms are all 
formed according to ſome certain law, which you have given; the 
Method of Increments vil find out @ general Series, which com- 
prehends all particular caſes, and from which all of that kind may be 

found, And though ſuch rules may ſometimes be gained by induction, 
hat is, by trying many particular caſes ; yet this is neither ſo ſcien- 
 tific, nor ſo ſati factory to the mind, as the other. For there will fiill 
remain ſome doubt, whether the caſes we have not yet tried, be con- 
formable to this rule. But ſuch a rule, gained by the Method of In- 
"expe: is general, and puts if out of all diſpute. 


The Method of Increments ic alſo of great uſe in finding any Term 
of a ſeries propeſes ; for the law being given by vob! ch the terms are 
a : formed ; 
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formed ; by help of this general lau, the Method of Increments will 
help us to this term, ei ther expreſſed in finite pan or by an in- 


finite Jerves.” ; : : 


Another uſe of-the Method of Increments is fo: find the ſums of 
ſeries; this method will find the ſums of great numbers of them in 
finite terms. And when the ſum of a ſeries cannot be had in finite 
terms, we muſt have recourſe to infinite ſeries ; for the integral being 
expreſſed by ſuch a ſeries, the ſum of a competent number of the terms 
thereof will give the ſum of the ſeries required. And this is equi va- 
lent to transforming one ſeries into another converging quicker : and 
ſometimes a very few terms of this ſeries will give the ſum of the ſeries 


required. Not that all forts of ſeries can be ſummed up this way ; for 


there are many of them, whoſe * cannot be had by any rules * 
d: eee. 


The laſt thing T ſhall: mention, of the uſe of this method; 1s this, that 
from bence the principal foundation of the Method of Fluxions, may 
be eaſily derived. For as in the Method of Increments, the incre- 
ment may be of any magnitude, fo in the Method of Fluxions, it muſt 
be ſuppoſed infinitely ſmall ; whence all preceding and ſucceſſFve values 
of the variable quantity will be equal, from which equality the rules for 
performing the principal operations of Fluxions are immediately de- 
duced. 


7 hat I may give the reader @ more perfes idea of the nature of 
this method: ſuppoſe the abſciſſa of a curve be divided into any number 
of equal parts, each part whereof is called the increment of the ab- 
ſeiſſa; and imagine ſo many parallelgrams to be erected thereon ; ei- 
ther circumſeribing the curvilinear figure, or inſcribed i in it; then the 


Jinding 
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finding the ſum of all theſe parallelograms is the buſineſs of the Method 
of Increments. But if the parts of the abſciſſa be taken infinitely 
ſmall, then theſe parallelograms degenerate into the curve; and then 
it is the buſineſs of the Method of Fluxions, to find the ſum of all, or 
the area of the curve. So that the Method of Increments finds the 
fum of any number of finite quantities; and the Method of Fluxions, 
the ſum of an infinite number of infinitely ſmall ones: and this is the 
eſſential difference between theſe two methods. 


There is fuch a near relation between the Method of Fluxions, 
and that of Increments, that many of the rules for the one, with little 
variation, ſerve alſo for the other. And in the courſe of this work, 
T have handled it ſo, as to make that relation appear, by making the 
correſpondent operations fimilar in both of them. And here, as in the 
Method of Fluxions, ſome queſtions may be ſolved, and the integrals 
| found, in finite terms; whilſt in others we are forced to have recourſe 
to infinite ſeries for a ſolution. And the like difficulties will occur in 
the Method of Increments, as uſually happen in Fluxions. For 
whilft ſome fluxionary quantities have no fluents, but what are ex- 
preſſed by ſeries; ſo ſome Increments have no integrals, but what 
infinite ſeries afford; which will often, as in Fluxions, diverge and 
become uſeleſs. 


As I cannot promiſe, that I ſhall have time and leiſure hereafter, 
to proſecute this ſubject any farther. And as Thave an earneſt defire 
for advancing truth and improving ſcience ; let me here intreat the 
fri endly Mathematicians, who are lovers of ſci ence, to lend their kind 
aſſiſtance, for the advancement of this uncultivated branch of knows- 
ledge, yet in its infancy, or rather, as yet in the hands of Lucina ; 

either 
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either according. o the model 1 have here laid befors them, or fome 
better, if it can be found; ſo that by degrees it may at length be 


brought to Perfecti ons to whoſe generous endeavours I heartily wiſh 
good ſucceſs. 3 e 


( 


W. Emerſon, 
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DEFINITIONS. 
| HEN a quantity is ſuppoſed to increaſe (or decreaſe) by 
certain ſteps or degrees, it is called an Integral. 
DEr1N, II. 


The increaſe of any quantity from its preſent value, to the next ſuc- 
ceeding value, is called an Increment : or, if it decreaſes, a Decrement. 


DE FIN. III. 


The increaſe of any increment, is its ſecond increment; and the increaſe 
of the ſecond increment is the third increment; and fo on. 


D E Fl N. IV. 


Succeeding values are the ſeveral values of the integral, ſucceeding one 
another in regular order, from the preſent value; and Preceding Values, 
are thoſe that ariſe before the preſent value. All theſe are called Factors. 
OAT B | DEFIN. 
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855 D E F IN. V. 


A perfeft quantity, is ſuch as contains any. number of ſucceſſive values 
without intermiffion, and a defective quantity, is that where ſome 3 
ſive value or values are wanting. 


Thus 1 . py a is a perfect quantity ; ; and " * 1 an imperfect, or de- 
| fective one. 


NOTATION. 4 


„ NY letters you pleaſe are put for ſimple integral quantities, 
as 5, 1, Vs #, Jy 2, CT. OfEven a, , e, 4, &c. taking no- 
tice always to mention, what are conſtant, and what are variable. quan- 
tities. 

. The different values of a ſimple integral are denoted by the ſame 
letter with ſmall figures under them; thus if z be an integral, then 


2, Z, 2, , &c. are the preſent value, and the firſt, ſecond, third, &c, 
ſucceſſive values thereof; and the preceeding values are denoted with 
figures and negative ſigns; thus 5 4, are the firſt, ſecond, 
third, fourth preceding values, and the figure 4 any value is 
the chara&eriftic. 

3. The increments are denoted with the fame letters and points un- 
der en. thus x is the increment of x, and 2 is he increment of z. 


Alſo * * is the increment of 15 and 8 of 1, * &. 


4. The ſecond, third, Ge. een 18 denoted RR two, three, Ce. 
points; as Z is the ſecond increment of à, and 2 is the third in- 


crement of ; and ſo on. And theſe * denominated increments of 


ſuch an order, according to the number.of points. 
3. If x be any increment, then [x] denotes the integral of and 


[x] denotes the integral of [x], or the ſecond integral of x : and [x] is 
the third integral of 3 x, or an integral of the third order, Se. 


6. Quantities written thus, ., ſignifies r 1 5, or that the 


quantities are continued from the firſt to the laſt. 


S non. 


L EN C E any quantity, which is not a given one, may be conſidered 
either as an integral, or an increment. 5 


PROP. 


INC RE MEN TS. 3 


PROPOSITION I. 


F tz be any integral increaſing (or decreaſi ing) uniformly, then 1 "= 
. RT, where n may be Mr mative, negative, or frattional, 


T his appears from the notation, for if 2 21, then z T if 2, 


2+2 or Z+22=2 ; it 2. Z+2 or 2+ 32 , &c. therefore univerſal- 


bs z nx. Alſo 2=2+12 , and ZZ=Z i, &c. and 2 22 —E, 


71 0 2 : 4 — 1 
z 22, &c. 


VT 


— 


Co Rr. J. 


E N CE it follows, that any value of the integral may be expreſſed 
an infinite variety of Ways, as * A vx = = KT = #+3X = A 


S 57 = Beer, &c. 


Likewiſe x A- = : $—2X 32 = -A. = * = —6r 
4 223 


XX, &c, Alſo . 


And in general fend * + my, *. 


Co R O1. II. 


E NC E alſo, if any integral be ſulftrafed . its next ſucceeding 

value, the remainder is the increment of that integral. And there- 
fore when any doubt ariſes about the increment and correſponding integral, 
this rule being e will always determine it. 


Co No r. III. 


p 


HEN any integral quantity decreaſes, its incremen will be nega- 
tive. 
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PROP. II. 


F z be an integral increaſing (or decreaſing) unequally; then T ſay 
i 2 Tu + x. n—12 + 2. —1.2—2 2 + 2. 1 1—3 23 &c. And 


WM - K+: IP 3 | 23 »-4 1 | 
where n repreſents a negative number, make the even terms negative, ſtill 
preſerving m affirmaiive. 


This will appear by the following table, where the firſt column gives 
the ſucceſlive values of z, the ſecond column the increments of thoſe in 
the firſt ; the third column the increments of the ſecond ; the fourth, the 
increments of the third, Sc. _ 


Succeeding values of z, | I Differences. |2 Differences. | 3 Differen. | 4 Diff. | 


Z=2+3 | 3+2 | | : | = 
Z=2F223+2 S2 ＋ | 28 |. &e; 
2=2+32+32+2 | $+3XZ+32T2 "36,0 &c. © = TC 


z=2+43+63z+42+2| de. ae. | 
„ ns 0 nee 0s „%% | 
3 | 


The firſt column is continued at pleaſure, by continually adding each 
value to its increment in the ſecond column. And by theſe values in the 
firſt column thus obtained, it appears that the coefficients of x, 2, 2, &c. 
are the ſame as the coefficients of the correſponding power of a binomial, 


, 


and therefore each in general is repreſented by in += — +", 
&c. And when u is negative, the ſigns of the ſecond, fourth, ſixth, &c- 


terms in the values of 2: © = &c. will be negative, which produces the 
| fame rule. 


COR Ob . 


f 


HE frſt, ſecond, third, &c. increment of a variable quantity is no more 
than the firſt term of the firſt, ſecond, and third, &c. differences of 


that quantity, and its ſucceſſive values; as appears by the table. 
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COR Ol. 


= =), 1 | 
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_ INCREMENTS 5 


Coro L. IL 


N D therefore tbe mr ſucceding valus of the wh increment is the ſame 
at the mi intrement of the mh ſucceeding value. For example, 
2 17 ig the next N I value of * and it is po the increment of 2 +2, 


or 4 that is, = . Lilewiſe 5 g and 2 *=4P = FEI. 
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A L SO, iff z increaſes unequally ; the increment of 
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F x be an integral increaſing (or decreaſing) unequally; I ſay 
1 Dr : 
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„„ Eo Z „ &c. continued to 
1 5 FT — 4 "'Þ 3 | 
*I terms : where the numeral coefficients are the ſame as in the ſeveral 
Powers of a binomial. 
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. = Prop. 10 
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— 2 — = (by Prop. IL). 
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1 F 5 2 &e. be ſuppoſed = = * then the ſeries will give W value 
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of 2 , Where 2 increaſes vaiformly, | Whence & Prop Il. may be de: 
fived; BEA 2 , Es | 7 * 1 
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PROP, 


INCASE NENTs 9 
PROP. v. . 
IT E increment of 4 refangle or product x v, is equal to the ſum of 


the products of each quantity into the increment of the other + the 
product of their increments =# V + V'x + v x. 


For the increment of xv =x v —xv = x+x * „ = XY + 


vv +ox+vx—x0=x0+0x+ox 


Cox or. I. 


H E increment of a rectangle or product, is equal to either quantity X 
by the increment of the other, + the ſucceeding value of this other 
X ncrement of the former. 


For x v + vx TA RK N Su + #9 = # V4+V+v Xx 


=F VP. XxX: 
'S 3 


Co ROI. II. 


f HE w increment of * 5 91 T 02 4+ 3 N + 


— — Xx V 


ny : 1 &c. where (2) ſignifies n points, (ns) nt 
ny | | 


points, (n—2) n—2 points, &c. 
For by Cor. I. of this Propoſition we have 


1. xv+xv = firſt increment of x v. 
Ns 


And by the ſame Cor. the increment of that ” 


o 
1 

+ xv +xVv 

Is » 2 


2. WV + 2x v v, che ſecond increment of 1 v. 


+ ER And 


10 The METHOD of 


And by the ſame Corollary, the increment of the laſt is, 


X Vp # v 


＋ 2XV - 2X V 


+ xv + xv 
* 0 3 


3. „ +3xv + 3xv +xv, the third increment of x v. 
bog f 2 = a8 | a 


41 


And in the like manner the increment of the laſt is, 


LP EV 


+320 +328 
” + 3 + 37 5 
i + xv +xv 


4. v 4 + br v + 4x V+ #0, the fourth incr. of x. 


&c. * the coe eien are thoſe of a binomial, 


* 
* 


PROP. VI. 


F any quantity * increaſes uniformly, and a given quantity be multiplied 

into a perfect integral made up of x; its increment is equal to that whol? 
quantity, multiplied by the number of faftors and the common increment, and 
divided by the leaſt value of the variable quantity. 


Et a u be a perfect integral; then by Cor. 2. of Prop. 1. 


2 3 4 
increment is 2 * ** — u =6 X XXX Z @XX I S 2K 
T0 8” 4 1 +47 #6 
a X X X | 
= #0 XX — — "3 
13 | . 
| 2 | 
Again, the increment of à * * * is 4a * * „ — 4 xx x = 
„ me > e „„ 
5 | N K --X = K—X——Xx+4AX X 4X XX = 3x „ 
. EDD ES 52 * . . A 5 5 | W —S 


In 


—— —— - 


f 
£ 
+1 
DET 
144 ©4 
1 
5 
T3518] 
. 17 
2 
A 
7 
$443 
. 
* 
1 
. 
- 
: 
: 
. 
2 
1 
144 
i | 


2 — 


* 
j 
1 
4 
3 
74 
7 


—— 9% 5 


pt. 4 Wat 
= =» avis ů 


we 
—— — —— —e—— — 
— — — 


— 
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INCREMENT Ss, 11 


In general, 


The increment of x V V — „ 0:3 8 
| m m1 mu 1 ＋ 1 nAn TI m nu 


2 ͥ ĩ Q ß ̃²7— A ˙ Q — ¹ . — Ä WF. X 
mb+n+1 * t ni u | 
. p ̃—dßÄ 

m1 mn b 1 nu 


Corr 


LIENCE the integral of a perfect increment, is equal to that incre- 
ment multiplied by the next preceding value of the variable quantity; 

and then dividing by the new number of factors, and the common incre- 

ment, | | | 


| | 3a * * * To 
T bus the integral of gaxxxXis it. = axxx., 
; ' 3 4 3% 2 3 4 
. 


'F * increaſes umformly, and a given quantity be divided by a perfect 
integral made of the ſucceſſive values of *; its increment is equal to the 
whole quantity multiplied by the number of factors, and by the conſtant incre- 
ment with a negative gn, and the whole divided by the next ſucceeding 
value of the variable quantity. | | 7 


For by Cor. 2. Prop. I. the increment of 
R 4 ; an G. A 
a „ da. 95 a POSE 1 oh be a Y 
* K* x * * &x Ü 3 ⁵ . 
3 8 3 4 N 5 2 5 3 5 
* i == = = LES 
* » Ll 5 


Again, Increment of 3 


. 


1 F111 


E „% TIE Geert * 


— — — 


ome thee 


EE 
r nth — — 
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In general 


ncrement 0 8 ng — 5 3 x.” 


m man mI TAU - m mn 


* — 4 x . 
m men * mx —X—m+1+1 Xx . — 4 N 


by — 


ESTES mera XN © © © © | * * 


m mA I m mut 6 m m-þn-þ1 


CO ROLL AR v. 


1 E NC E the integral of a perfect fraftional increment, is equal to that 
increment multiplied by the greateſt value of the variable quantity, and 
divided by the new number of fattors, and the common increment with à ne- 


gative ſign. 
=ILE 9 — Jax a 


Thus the integral of 1 VVV 
0 * * 29 © 2 * X- zZ* * 829 2 * 
2 5 2 4 5 2 4 


PROP. VIII. 


Fux be any integral, the increment of any power of it, x", is equal 10 

1. n—T 1—2 2 n. 1—1 . 12, I * + 
RE e 2.4 

1. 1— 1. 1—2 . —3 Hl | nx 1— 1 


2.3.4 5 F 5553 


— 7 


For by Cor. 2. Prop. I. Increment of x” is * = = x+x — * = 
1 SSL 2—2 Honey 


N. 1—1 1—2 n. 1-1 122 n=3 


Conroi-l 


E NCL the index of the integral is 1 more than the index of the 
hig heſt power of the increment, 
| | C020 L 


INCREMENTS, 13 
Conor I. 


1] E increment of x" is equal to 8 : 25 + cle A x + 


n 2 3 
. 


For d N ⏑⏑ N 1 de is. + 
" . ; | K 


n.n+t.n+2 0 * 


PROP. 1X 
HT E integral of XV, that is [xv ] 15 [x]v Foe [51 3: 
33 


For taking the increment of every term by Cor. 1. Prop. V. we have 
(putting ſmall letters inſtead of capitals for brevity's ſake), | 


xv = xv + it V 
— [els 
_ „LJ GE; 
— HE &c. 
Here all the terms deſtroy one another except xv, therefore xv is the 


increment of the ſeries; and the ſeries is the integral of uv. 


E COROL, 


. 5 m 1 5 es = 
— * — 2 . a 3223 222 — * . N 4 n * n * "7 r „ 2 — . ͤ —˙ EG EE 2 as 6 „—— Es A W * N _w a wp ts »; — We > Dn 4 5 
, a, — — — In — pas > — — — 2 — r rr IE — — = — —— — — > yt 837 — Fro 5# ma * 2 ETA >. 8 © iy — 2 . * N * 8 : 
— —— 2 4 EW * — _ * 23 ere — e = > Hay = — 2 N. —— 12 G by * gy OY Bt» pen . — — Y w 4 = < = * 1 * 2 . * 28. 2 * » * 5 
rx < 2 - 2 2 . _ : RN 7 * — —_— a ov <A —— — -. Fe — A ol", ah 2 8 . - 9 r 4 © 2 - . s 9 4 - ram 
ESE * . * * * = 5 . On So os NO a Ct IIS — IE 7 — — — — ES : "et = FEY BE Ee ont —— S - — : Pay. as n 
— 288 . . - _ =" EET LS N — — NE So — — mee uo 2 — — , — : | 8 E Ca r 2 
Dre ea IOC on nt 5 — CEE LAS — SIS * * — — RICE ALIENS — RS: — ——— IIS CT EW nt wt End. - 1 3 „ A. # * 
. ex! , 7 "re 6 va n —— 0 5 "y 4 — ö — 0 — ” * T 2 2 . 7 - mg 7 pp A rt ne 8 * WT; ” - * 
> 2 2 6 3 * 12 >; ; q 8 ** - - — * , FORE 0 * 8 n * - by £ 1 gt "4. ASL — — — — — oe — . 


3 
N 
—. 
= 
* 


— 
Lao we 9 
— 4 . I 
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Co Or. 1. 


HE nil integral of wv, that is, 


n+1 12 ＋ 2 
[=] = 14 —I tn 7 n LH x 


n+3 > woe bg 


bj 9 = 1.9 . EB * * 


Fe 0% L= = T- Jo LJ 2 7% K. 


by this Propoſition, and by the ſame way finding the integral of every 


| ſeparate term, we have 


* 4 — 129 „LJ = LI e. 
17 + [f]»— [» 

J [Jy 

© 4 Liga 


2. [] = 3. —.10J• J e 


And finding the integral of every ſeparate term of this laſt, the ſame 
way, we have 


tz [*]» — Js + PJ HE 
LJ ee. J* 
Le-]; 

; E that 


IN . . . »» ME NT 8 — 5 
that is | 


FE 3 1 g be 


And after the ſame Manner, 


(4-) .] = Ele ff] oeieff] onal] he &c. 


1 1 a OM . | 
But the ſeries 1, 1, . 4 EE * Kc. expreſſes all 


theſe coefficients. 


Een on. Ik 
ENCE if r of theſe three quantities | xv | > [*] v, and 


E v, Be given ; ; the third may be found: or if three of theſe 


four [wv ], | x |o 9 [* IR and b Je 7 5 given; the 2 may 
be 9 and ſo on. 


Co R Oo L. III. 
1 F v S o, and * | be given, El will be known; and' if 


=O and * J. and | F be given; [ xv | will be known. 


And if v = o, and alſo * 1, 6 x |, and = J be given; 1 


will be known. | 


PROP. X, 
] F two integrals be equal, they will always be 3 for all correſpondent 


preceeding | at or ſucceeding values, of the variable quaniities 
therein. | 


For 


"" | The ME 1 H OD of 


For ſuch an equation being expreſſed by general quantities, muſt hold 
good in all caſes, As if z =b xx x + a, then 2 =5xx*x Ta, 


| 2 3 4 1 ITY, 
2 =bxnxx+4, 2 XY ＋ 4, &c. For fince'2z=bxxx + a, 
2 4 5 6 41 „ bn | 9 11 14 


therefore the increments are equal, or à = 3bxxx, and adding 
; | : 7 4 PRES 40 . | 

them, 2 +2 of X =bxxxx+3x+4a =bxxx + 4. Again, 

„ e n | A 5 | 

the increment of this laſt quantity is 3 = 3bxxx, and by addition 

. To " hs, | 


2+2 or 2 =bxyxxXx+3x +a =bxxx + 4; Where x increaſes 
. 2 . 1 e 8 9 


uniformly, and à is conſtant; and ſo for any other values of 2. 


- 
— 


En RON ©: Wt. 
A. ag find the increment of any variable quantity, or integral. 


1. If the quantity propoſed be not fractional, and be a perfect inte- 
gral conſiſting of the ſucceſſive values of the variable quantity which 
increaſes uniformly : multiply the propoſed integral by the number of fat- 
ters, and change the leaſt factor for an increment. By Prop. VI. 


2. In frafional quantities, where the denominator is perfect, and the 
variable quantity increaſes uniformly : multiply the propoſed integral by 
the number of factors, and by the conſtant increment with a negative fn, 
and take the next ſucceeding value into the denominator. By Prop. VII. 


3. The increment of any power as » is found by this ſeries, 


x3 ＋ Ke. by 


155 n. u— 1 #—2 n. — 1 . 1—2 M3 


72 
J Emo #8" 


2 


Prop. VIII. Or this, * N: r + E e re, 
&c. | 


Lo 4. In compound quantities, ſubtra& the given integral from the next 
ſuccceding value, and reduce the remainder, for the increment. By 


5. Somerimes the quantity requires to be transformed by. the follow- 
ing Propoſition, and then the increment may be found by the fore- 
going rules. | 


EXAMPLE 


INCREMENTS. 17 


Ex AMP IL E . | 

To find the increment of @ — 2x + zu, this will be —2x + gu, 
where @ is conſtant. 1 
Ex AM p I . II. 


Let 5 x u 4 be propoſed ; its increment is 45 **. 
* 2 3 | 


1 2 3 


Ex AMS L E III. 


2 


o#- 


The increment * f g 9 # #.. 


„ „ EXA MFP ILE IV. 


Lacs # 4 8 be given, its increment is m-þu+1 , Xx X 


— 7 7 
5 „„ . 
— n + . 72 
ExXAMPLE V. 
The increment of — — is —, 
. E % » 0 © © & „ 6-0 
f 4 5 
Ex AMPHLE VI. 
2 b 3 5 1 I — þ X 
If - be given, its increment is — 9 . 
E440 7 or SP 
ExAMPL E VII. 
b 2 . Cc / SS 
To find the increment r | „It will 
2 3 4 5 . ZZ 2 2 2 
Y Ro 
& 2 
be 44 2 2 2 2 — 3 — 
8 K $ 9 Rl, | * 
4 
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ExamnPLE VIII. 
The increment of 2“ is 42*2 + 62*2$* þ42 23 + 2+, 
'Examyerle IX. 
1 J andre | OY | 10 23 
L If 3 be propoſed, its increment is — *_4- + „ = 
q 5 | 
I52 | 
7 &c. 
EXAMPLE X. 51; 
To find the increment of a, a being conſtant. The increment . 
x x x+£-.-: * DO x * 18 
= 8 £8 — = &-—1X8a. 
er a ExXAMPLE XI. 
ö 5 . | - Nene py 0 . I 1 | 
Eg The increment of — required, its increment is = - — * 
1 | - | a' 5 
1 a a® 4 a a 2 . : 
g Ex AMPL E XII. 
ö The increment of — is - — — = — — — 
* 2 2 2 2 2 2 
1 1 1 
Ex AMPHLE XIII. 
The increment of —— — ———— 
1 : V „ „FF. 
| m 1 n m+1' 2+1 n 1 
| * * — * 2 k- TM +IoXZ 80 1 9 
j JJ I _ XZ—x+m+I.XXz+1-+I.v 
L ”" e , $ooed. . „ RE 13 
| n+1.x2 + 2X mI. | | 
+1 h | . 
6 2 — — ; x, 2 being conſtant. 
1 | | * © ©» © * 7 2 © 8 PA 8 . 
ö aÞ+1 a+1 


EXAMPLE 


INCREMENT S. 19 


Ex AMP LE XIV, 
The increment of xy = xy —#y = #+x Xy+y—#xy = *y 
+) FJ Xx =*y + yx. | 


EXANPLE XV. 


Tz —__ 


For the increment. of x* y?, here the IE is K* X y + b 


. FN N 5 +3307 +5 = 5 
= 3*3 9 + 3% 337 + 74 25) R + 6xy x9 +6 * 9x99 


2 r N 1 ER 


MY SONY: XVI. 


Given a * ＋ 5 9 v, its increment is, a * *x+x + bxv+v 


2 — BÜ 


—CXX+Xx X %— 37 + cx u 2 a * x +4 xx + 


| 2 | 2 3 | | 
3bvv 35 vT bY — 2 CUNX — CUXX = CXXNUV = 


— 2 CXXU—CUXX. 


ExamPLE XVII. 
The inerement of x.. «„ X 2. . 2 is X,.X X 2. . 2— . ͤ« „2. 2 
| | m n * 11 * a+ m = 


= * Z—XZXX..X 2. . 2 ＋ K ＋ . K X 271 TI. 2— 2 
Ml M 


* into * * ꝙ:a 32. . 3 = n+I.x 2 * m TI. X 2 + I . ＋ * 


into . * 2. • a = 1n+I. * * + AI. x X 2 X into . * 2. 2 
m 1 | a+l 0 * 7 
Where x, 2 are conſtant, 


EXAMPLE 


log. z = log. 


that is, 


5 ExAMY IE XVIII. 
20 find the increment. of the Log. 2. 


The increment of log. z = log. 2-7 log. x =. log.. r 


EXE * the Properties of 8 = — 


Therefore increment hyp. 2 W S 
JJJJJCTTCTTT0ͤͤ EN 7. + ad ow” ib 


= &c, And in common log. multiply the ſeries by M=.4342945. 


© Otherwiſe, 


—— 


Put R N + 25 then iner. Hg * = log. = 


log. = (by logarithms) 2 M X- . 11 4 


V—2 „„ 


&c. — incr. log. 2. 


EXAMPLE XIX. 


To find the increment bg. Z » 


Put Z = hyp. tak 2, then the incr. ZZ =Z+Z" —22 = =2ZZ + Z Z 
=2Z+Z „ Z; and Z is had by Examp. 14. 


* 


| EXAMPLE XX. 
To find the incr. 2 log. Z. 
e * 2, then incr. x Z = Z 2 + zZ + 82 * (by Ex. 140 


2 


23 + * — ooo 80 65 „ W 10k + . Jos &c. 


23 ZZ 455 —_. 8... - 230 


2 23 _ 5 | 
1.22 2.32 3.423 4. 52+ 


EXAMPLE 


INCASNERNTS - 6 


ExXAMPLE XXI. 
The incr. y log. 2 is required. 


Let Z = log. 2, then incr. y Z = Z FT b Z, that is, 


Incr. y log. 2 = 65 2 25 x = — == + ,& by Ex. 14. 


22 355 


ExamPeLE XXII. 
To find the increment of the number whoſe log. is v. 


Here num. of v — num. of v = n. v+v — n. v = (by the nature 
I | * 


2 — 
Ng n mv © | 
of logarithms) n. V Xx: 1 + my + 8 4+ 7 &c. — n. v, 
| 2 e — 
| my my | mv 
that is incr. numb. of v = n. v X : mv als + 


2. 3 No 23 +. 
8&c. where m = 2. 302585 for the common logarithms, or = 1, 
for the byp. logarithms. 


EXAMPLE XXIII. 


To find the increment of a x + b Nr + C2 + 4 3 þ 
e u A, &c. | 


Inc, a | axim®— Ima ttOItnt eggs rx . 
Inc, þ y#—=1 bx r. u- 2 . 35 + „ 
| INE ks 
1 — Ih 2 FIT 
ne. F X nt „ 3p 4 
Inc. d x3 1d x 


7 x * 


G6 Therefore 


— bd une 


1 85-268 IR 


a — — — . — — 2 — — — 
"= _ » 4-0 > 88 1 £ * 8 — N F © * TOR 1 — — 
5 2 2 bd 4 2 re — — eq 2 
— E= ˖»— — —⏑—⏑— n — Smt — 2 K. 2 — — — 


TED" 


. 
3 


c > RT I 
© — Ry — 8 ITY - — * 
— Be „ ai tte 
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Therefore the increment of a x" +6 x RY + cx „ &. is 


na Hl —1 


— 7 _ x ax 
=nax © "x + ET 2 = 
"36s 
| ” 2+ cx 
LLC 5 ? 
T 120 — ; 
4 OY —3 3 xt ; 
24 . | — BO | 
etc 1 
6 . 
* —3 d x* 
+ ex 4 


SCHOLIUM 


ROM lends may be demonſtrated the fundamental principles of 
| Fluxions, For inſtance, 


I, . By Ex. 2. we have the incr. of 5 * . Now 


1 


let the increment & be infinitely ſmall, and it 1 into the fluxion &, 


and all the values of * K, x, &c. become equal to x, that is, bx 5 * 
3 


=6x4, and 45 X X * x = = 4 þ x *. Therefore, taking the fluxion 


I 2 3 


inſtead of the increment, the flüxion of 5 * = 46 x*% And for the 
lame reaſon the fluxion of þ x» = 1 4 N . | 


2. By Ex. 5. incr. „ - 5 = — 2 T7 ; ſuppoſe x infinitely 


ſmall. and the increments become the fluxions, and x, x, x, &c. are 


2 ax 3 
each S; therefore flux. —— = — 2 75 And for the ſame rea- 
a Sax : | 

ſon, flux. 7 — — +I 


3. By 


INCREMENT S. — 


3. By Ex. 14. iner. K) = x y + 9 x but *, y being: infinitely 
ſmall, y, y are equal; and x, y change into the fluxions x ; there- 


fore flux. xy = x7 + y x. 


\ 
| 2 * EX 2 1 | 
4. By Ex. 12. iner = : and 2, = being equal, we 
| 75 1 
1 | I 
have flux. 5 —. 


2 2 


5. By the ſame way of reaſoning from Examp. 17. The flux. 


Mini TE . mo+1_n — mn n+1 
. 2 AI 3x & ＋ MTI. XX 2 


6. And laſtly, proceeding the ſame way with Examp. 13. The flux. 


m+1 n+1 © e TY 
Fo > | | i „ 
PRO P. XII. 


To transform a given quantity, or reduce it into another form. 


V THEN the quantities concerned in any queſtion are not ſimple 
enough, or not in a proper form for operation, they muſt be 
reduced to others that are ſo, by the following 


Rr. 


I. In any increment where the ſucceſſive values are compound quan- 
tities; put ſome fingle letter for the leaſt compound value, by help of 
which expunge all the former quantities, and there will come out a ſimpler. 
expreſſion. 8 ny 


2. To expunge any redundant factor, put in its ſtead any other factor 
which is equivalent to it, according to Cor. i. Prop. I. and this new fac- 
tor muſt be either the next preceeding or next ſucceeding value. 


3. When quantities are irregular or deficient, they may be brought 
to this- form ABZ TCZZ T DZ 2 2, &c. when 2 1s ſmall, or 
to this form A + I a+; 8 D 


oe TS 


&c. when 2 is great, after” 


this manner: inſtead of any factor in the numerator of the quantity 
fe propoſed, 


8 P * oy . * de. rw X * N —— . * an IE 
REES Lan ns I" _ r A ro * 8 . A r N, LS Yu, R * 
2 — rr dy. ä N 2 . ͤ Tate or r 1 . Arps EIT oc - ER 8 
— — D F 


7 + 9 G a. 8 12 
LEES ES 
ee We Fae ren age, > a 


2 oa EY ET: ot ” a — 
2— — pe 


: 9 -S Su 
— — I'S " — 
EFB, w 4 4 he oi Yee oo er 


ES 
— 


2 88 
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propoſed, put its equal expreſſed by ſome other factor and the increment, 

according to Prop, I. do the ſame ſucceſſively for all other factors you 
would expunge; and the given quantity will be by degrees brought to 
the form deſired. When the variable quantity is in the denominator, 
uſe ſome of the following ways. 5 


4. When any factor is wanting in the denominator; multiply both 
numerator and denominator by that factor, then expunge any of theſe 
in the numerator as was ſhewn before. 


5. When any defective quantity is given, or when any power of the 
variable quantity is to be transformed into others containing ſucceſſive 
values, .or the contrary; aſſume a ſeries of quantities affected with un- 
known coefficients, making the number of factors in the greateſt term, 

equal to that in the given one, or equal to the index of the power ; 
then ſubſtitute by Prop. III. and multiply the terms at length; then 
by comparing the homologous terms, the coefficients will be determin- 


ed. It ſeveral quantities or powers be concerned, the ſame rule muſt 
be followed. | 


ExaMPLE I. 


Let un be given, where „i. Put vr; then is vun, and 
| 1 1 we 


1 2 


v =n=l. Therefore gv, and the quantity 2 becomes vv. 
| 12 


. » 2 1 1 


Ex A Me L E II. 


Given 3 —1 X 3u T2, where #=1, put v=3n—1, then v=3n=3, 
and gu+2=v+3=v+v=v; whence 3gu—1 . Zu T2 is transformed 


to v v. 


Ex AMP IL E III. 


* 


Let ———— be given, where x=1. Put gz=3x—1, then 
3&õ—1 . 3x+2 | b | 


3Z2=3Xx, or 2z=x=1. Allo gx+2=32+3=3X2+1=3X2+2=32z3 


T 4 1 ©. 
therefore = = _ — 


3— 1. gx+ | JENS $8 5 N 15 


EXAMPLE 


FNC SE MENTS, 


EXAMPLE IV. 


I : 
Let be given, where x=1, Put 2v 3 —1, then 2v=2x, 
. 2X —1 - 2 - i , a bo N 


or V=x=1, and 2x=2v+1. Therefore 


20 4.1 
3 1 
N N e 
4 v+;% 4 x 
* 2 
Ex AMP IL E V. 
To reduce , where v is given. For v put v— v; then LAY 
— DP ; 5 1 
64% | 1 2 
„. 
V V U vv 
x 2 2 1 2 
Or thus, 
| Fa v2 . 
Put y—2v for v, then — = —— = -— —- — 
. Ee v VU * VU v 
1 2 1 4 1 2 
Ex AMP LE VI: 
* x TEE 
* * xx 
Let — be propoſed, put it = oh 
* * * rope, P x x x © 3 x ** * 
ZR 2% 2 8 11 
2K A £d 
s -.. | . l 2X 8 . 
Again, put — —— = — — =, Alſo, put = 5 
XN * K * x * * ; K * N 8 
5 | 1 2 x 2 1 I 2 3 2 3 1 23 
X X 2 
* X* I x x 
— — =, Whence — ———ͤ I 
X x XXX * * x x x x * N N 
1 24 1 2 3 1 2 3 1 1 2 1 2 3 
1 . 
Otherwiſe, 
— | 3 aun 1 
* & & We * * * r „ XxX XxX 
1 2 3 1 8 4 1 * 3 2 2 3 „ 


H EXAMPLE 
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ELX AMP L. E VII. 


Let 2 2 be propoſed, to bring in 2. 
2 3 


1 | 2 = 2+22 multiply as follows, 


| „„ 4 1 3 


„„ EE7 


w Nv 


=22 +4232 +62* 


E x AMS L E VIII. 
To affect the quantity v V V with v. 
1 


1 WV Wo I 
vel . 


I term Xx V—V (=) 2-3 VU — 9 
1 X 23 MT | a 
2 term X v — 2 3 — VV + 2 v* 
. " : . , 4 
2 + 3 4| vv =vv—2vv + 2 ,, multiply as 
wed wt 1 , . | 
below. 
term x V—v =») 5 | v —VVV 
— . ( — I | —2 1 © well 
2 term x V—2v (=?) 6 —2v vv + 4 
$5) 1 , „ 4 0. 21 . 
| 8 . as 3 
3 term x V—3vV (SY) 7 + 2 v*v 6 v 


—2 — 1 © — * 


8 [| vv v v3 u v 6 — bv? 
r „ 


ExamMreLit IN. 


70 transform v v.. . v. by the foregoing method, 
& 3 8 1 . 
When a=1, 
* Y uU 
When 12, 
Y= 0 UV +209 9 +:29*% 
+ 2 | 1 . 9 


If 


I N » MM N. 27 


If z = 3, 
22 2 2 % 4 6 %% +60. 
3 2 8 


F 
V..v T4999 + 12 9 0 9249 93+ 246 &c. 


< 
2 
[| 


Whence in general, 


V VV. V0 0 U, 0 + NVV..V D +7. 1— 1. 99 . . 9 V+ 
3 5 


3 7 1 Es > he 1 
. 11 2 „ « V 23 * Ke. F 
1 1—4 . 


Otherwiſe thus, 
When n=1, 


va 8 


vu + bv ® — 693 
. 4 » 


[| »e [|| 

- 1 
To 
88 


— 

Q 

[| 
e 
v Q 
> 8 
w Q 
- 
.. Q 


+ 1299 . —24 09 + on 
4 5 5 a 


And in general, 


— 


TU ++: V —— VV eo VV nnn BU Doo. 9 VU + u. 1— l. v.: 0 Vi}, 1— I. n—2 


179 n 23 n+1 S: 4. gx *- | + +10 
. + &c. | 4 
5 1 41 .*_ 

ExamPeLE X. 


To transform the defefive quantity x 2 & L, into a perfect one. 
| | | | 23 1 4 


Here 2 & 2 22 2 22 K 2— 32 3 2 22 2. — 56 2 2 2 2 T 
ms 1 4 1 4 2 . 1 4 


* * * ** +3. — 55 I X rise . 22 2 2+ Z 2 - 2X 
2 1 2 


12 1 1 1 


— 10 f 2 2; Hae ALES I 2 2 22 4 222 10 2 22. 


3 I 4 1 2 3 e 


Otherwiſe 


p 
7 
z 
} 
1 
© 
* 
1 
"= 
_— 
y 
*N 
+8 
4 
U 
«BJ 
4.48 
vith 
4 
dy 
0h 
17 
8 
iN 
. 2 
9 
1 
is 
4 
ij 
'T 
oy 
iT! 
: 
iN 
Py 
* 
1 
* 
1 
H 
40 
+ 
. 
! 
2 
1 
4 
1 
1 
1 
. 
1 
„ 
55 
5 
1 
wu 
P 
& 
7 


— 


S 7 L * 8 
Sr r re 


— — 


—— a nt as — — 


rr 


PPP ˙ V ⁵⅛˙ — — — 


— — 2 


— —— — = - — 9 W N * 1 n 
— — : — —_— 2 * 1 — od R . TI N 
— r — rr 5 n 27 0 — " . A — 7 Dow 4 

— — 4 2 > 8 po C — 1 > — : - F wile ts — L A. Y 

{ N £ 2 — * 1 - . — m— - x 0 _—_— r 8 0 * Jt * — me, 5 * — — my - » 
Wo 77 21 oe Cee LS ans N — 5 | 
; $M * wi — — ** 2 — * i 2 * — r — oy" — —— — — 

* * 2 — — _— 


. 2 


— 
N 
. 5 
k A. 


8 4 
1 
1 
1 
oh 
tg 
wo 
ai$% 
bt 
N 
Fe | 
| 
2M 

4 > 

2 
A 
* JI y 
I 
35 
_ - 
1 
1 
x 
4 : 

1 

; 
S ] 
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Otherwiſe thus, 
Aſſume 2 2 2 & = Azzzz + B * 2 2 + C22 + D 2, then 


—3 1 42 


ror- 2, 2, Xe , e eee , 1 2 +22, 2 + 32, and 
2:3. 4 | 5 


3 


Z + 4 25 reſpectively; and the quantities being multiplied, you have 


24: ＋ 223 = 112˙8·.— 128 =A2*+6AZ/2+11A2*2*+6A227 
| +Bz3 + 3Bx*3 + 2Bz2* 
+Cz* + C SS 

＋ D 2 


Then comparing the homologous terms. A=1, B=22—6A2z==—42, 


C=—112*—liA2*—3Bz=—102% DS - 1223 — Ag - 23g Cg So, 


whence ZZAZZZAZEA 42 2 10 2 


— 1 4 4.8 


* 


Or ratber thus, 


Put 2 2 2 & =A 2 2 2 2 +Bzzz + Cz z+D 2, then 


—3 I 4 21 7 —23 3 


putting 2—2, 2—2 2, &c. for 2, E, &c, and multiplying, we have 


— —2 


2+ 22 — 1 WE _ 1222) = = Azi—bAz23) + 11A2*2:—6A232 
+Bz — 3B 2 + 2B2* 
+C — C2 
+.D 


And equating the coefficients Ag 1. B = 22 + 6 ARK = 8 2; 


C= — 118 — 112* + 382 =223. D =— 122 i+ 6A23 — 2Bz* + 
CE = 20 Xx 2%. Whence 
* * 1 * =: + 8 * 2 + 22* 2 2 — 20 232. 


ExXAMPLE XI. 


av av—av 3 
a 3 
Let — be given. Then e YC — 
VV VU D n DU wu 
1 2 a 


2 2 1 2 8 1 2 


EXAMPLE 
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EXAMPLE XII. 


I I I I 2 
To transf —, — ——, &c. — = — = 
„ oy nn Ts Here 2 2 
1 x 2 8 1 1 
2—2 | 2—22 
s 2 1 2 a 
LES 3 a2 ws. Ec. AW © _ 838333 
* * 1 8 2 2 * * 2 * * - 
I 1 = 2 1 2 1 2. 1 
S 2 
E 2 8 
= 2 
After the ſame manner, 
LEES 3 2 
| — — — —ẽ —— <5 
4 K 2 ZZ 2 2 2 * * 
oo 2 2 RS he 
C 42 
2 * „ 2 2 . 532 2 2 © „ 2 2 
1 4. : 3 4 
And in general, 
I ne Þ n 2 
2 * 1 ** 
= 7 n—1 2 ' 
ExamMPLE XIII. | 
LY . 1 A B C | 
Let -— be given, Suppoſe _— = — + 
2 | v wv v v. 5 | 
2 3 S 3 1 1 2 3 5 
reducing them to a common denominator, we have | 
UV v A + Bu + C : TT, j 
— 2 ; that is, vxv+v=Axv+2vXv+3v+ a 
V 83 2 0 VU UV . V 0 . - 
3 3 : bf 
POS | 3 x 
BY -' C. When theſe are multiplied we have | 
vv Av + SAV + 6A i 
'+ Boy + 3Bv f 
+ C ! 
8 | | Then | 
* 
| a 
! 
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Then Ag. B=v — 5Av = —.4v.C = — 6Av* — 3Bv = 6, 


6 hy 
I 1 4V 1 ö 
And therefore -- —= — . 
e v U v V VUU „ V- 17 
2 3 1 I 2 1 | 
I 6 12 | 
Likes -- = — — + —, &c, 
mT VU VU-V V+.» © V 9. a 
2 3 4 1 2 3 + 4 
EXAMPLE XIV. 
v v vV | 
Let be propoſed. | This becomes ——— . Reduce the nume- 
v v 9 8 | 
3.3 5 a 
rator to ſuch quantities whoſe higheſt factor may be v; thus, vvv = 
4 ; | 5 1 2 4 
v D N V=—4W Ö D’ D — 4 v uv = * v—v — 4 K 30 
2 4 5 . ». S--3 . z 4 4 5 3 5 
a = U o — e — 4 v U + 12 = v — 5 9 + 
„ „ 3 4 54 8 „ 
12 U X Y = V vv — 5 UD + 129*v — 12; therefore 
. „„ 3 4+ 5 > + $ 5 3 * 
aun Ly) — 3 h | 
, - EP o „ 5v x 
VUV „ 5 v VU UV..U 
$$ Þ | „. 3 
12 v 12 v3 
F Y Gone ®? 
On 5 
EXAMPLE XV 
1 1 5 i 1 
Lt, = «„ 
V VU V RT v 
1 A 3 * 1 
. v 
1 i 1 
Otherwiſe, 
: 
I m 1 
By Prop. III. m=1 „ therefore —— = n Nd. 
V VU V +» V 
4 1 


. A by the ſame Propalion we have likewiſe 
* | 


1 


* 
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EX AMPL E XVI. 


Let -* be propoſed. By Prop. III. Cor =. . = 2. - 
e 7 prop oſe y Prop or. 2 ＋ 75 


ERAMTI I XVII 
ax | N 4 * 4 
Let —+ be given. Then by Cor. 1. Prop. I. LES L-gz 


* XX 


| 1 4 1 4 14 
a ax 
— ] ] ono io 
* * * * N 
I 4 


But by Cor. 2. Prop. III. putting m=4, 
a 


1 B 


2 — — 


24X* 2 aX3 

* » . 
XN XX XXX N "0 X XX Ns „ 8 
14 4 1 2 3 4 


| a LF 3 
Whence pre 2 ——_ — — ,, the quan- 


tity required, 


Or 


" 1 1 N ä — — —— 2 = A 
l ST G - © gy.” - — —_ * * n * 
N 1 —— . 2 ; n 3 IX a ᷣͤ PP ˙* .] ³˙ ae oe er rad Ne 
56 root © 4 ae rn Rr — 2 L 8 I rare ops 2% OP 2 - WY - oof, 
8 5 
p / 


— rt LEICA 
— ER aac — De 
2 


— 
(EN 


if 
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Or thus, 


3 + 
& * * 


1 4 1 


X +2X Xx X#—X 
L_—_ = 


ax 
— 


* 
1 


4 : . A ECTS 


N X X 75 
I 4 i 4 


a * * — a ＋ 24 
- 2 


> * 


a * 


[l 


Xo oo 
* 1 e 4 


2 4 * 
3 


_ 

> 

2 
+ 


EXAMPLE XVIII. 


2 2 _ 


To transform „ c. 


And in general, 


2—¹ 
. ; 


„ 
a 1 


S 2 


Ex A M LE XIX. 

E 2 
. e FE. 
2 2 33 


| | 2 2 
To transform 


2—8 X 2 
a 


2 2 
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8 » 4:8 S548 : . 
„ 3 | a 


* 2—2 2 * | 5 

— 22 2—2 22 — fe. 5 * 
LE SS EEG et ITE q 
2 22 3 . 2 . 1 

1 2 5 1 2 * q 
E 
2 SS * 2: ; 
5 1 4 

4 = ö 3 i 
38 X Z—2% 22 == 222 N | 

3 8 4 e hes, 3 SENS $+022 ; 

fi 


£20 EZ WV » 8 TY! 1 , &c. 
1 5 2 a 2 


ORE Ls 882 
8 ID 


In general, 


2— u N Z—=}j—1 . 2 2 X — 1 1. 2 2 — YN, X 2—2 
SS 8 2—1 — 7 n : w- 


WE Ze. Z | 1 


- —_ 


2 beets ea A 
PT 


— — 8 


a 
= 
2 
8 
=} 
S 


N 
N 
Q 
= 
N 


K EXAMPLE 


ROW» 8 n Cx. — 2 Ry 
. PP"; - — : 
IT. > » ” 2 * Ws E _—_—_ gr. —— 
E OS OT COS ; WS 4 © AE IE —_— 
* , #03, <3 22M Mn % „ * 7 


a 


enn 6 
2 3 


n 


* * wy — * —— 
E 7 5 Hh * a 
- 


1 


* 
; 
9 
; 
4 


— 


— * Mm; 2 8 
— 7 —— . i I 7 S e. 
— — 2 — 3 ” 


N 
2 — 
2 * 


= . 
r 7 0 EH 


— 


E 
N 
k 8 . 


— ron — 
n 

2282 
r 


_ rr 22 5 
WE; 5 _ — — 2 — 4 4 
SY 2 — * <2 Co mh ES = + WE; - a 
IO L — 5 5 a ; 
— 


— Lap 


* e 


o rw cz; 
. — is — — . = 
—— - — 


wa 2 . oo TEA = ON ES Ss — © * 


. = — 
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EN AA XX. 


Jo transform any power v, vv, v3, &c. into quantities containing the 
ſucceſſive values of v. 


3 4 £49 


1Xxv +v(=v) | 2 | vv =vv +vv 
— . | — 1 . 


1 term XV-þ+2v(=v) | 3 D D T2 v v 
2 . - : 


— — 2 — 


2 term x V + v (=v) 4 | * vov +vv3 


9g ＋ 4 „ * =vvw + 3vvy bow 
1 term * 330 () 6 * TE IT 3 2 ; 
2 term 5 (r) 7 5 TER +3v22v+60 » Y 2 
3 term x 21 * (=v) |} 8 $v0w + 0 03. 


0 + 7 + 8. g ** IR PTE 
| FA. 4 3 . 


— — 7 
— g 


1 


After the ſame manner, 


VY = D — VV 


x o 
WV RYU TTY 8 
| 1 — 1 . 


V4 = 0V.,..v.— 6vvovv ＋ 7 wont e Dt, Kc. 


3. ; I 2 - 1 mY 


More generally thus, 


Let the following Table I. be conſtructed after this manner : Mul- 
tiply any number in any horizontal row, by the number of that row, 
and add the number above it, gives the next number on the right 
hand in the fame horizontal row : Thus 


65 * 4 + 90 = 350. 


/ 


TABLE 


IN M EN TS: 35 


T A B I. E I. 


E FL LEO bd 
J 593 61.0197 1 1297 1- #65 
1.4 $1251.90: | $01.1: 966. | 3025 

4. 2: 4 :10-:1 65-1 350-] -170t-] 7570 

[+1 18 1 $46 3 1049 [-Dogt 

|. -]..21:-} 260-2640 


Then to reduce the powers to the form of ſucceſſive values, take the 
numbers in the aſcending columns for the coefficients, and you have the 
values of the ſeveral powers : | 


Thus, 

5 

D D DT vv 
RY o 

D =vvv + 3vvv + vv 
„ 21 2 . 


v+ = Y Y D + bvvouvvo + 70v vv + 098 
6: md ws Sl. 5 8 


a 
[| 


V...v +100v..vv0 +$25v,.v9 + 150 ½ bon 
wth „ N 1 FOES) JETS 


EXAMPLE XXI. 


vv D v4 
quantities, whoſe denominators contain the ſucceſſive values of v. 
r- K B C 3 
Sappoſf ee „ Ke. that is 
VV UV VU 9 . 
1 11 2 3 


D. . . 5 = ,: Avov + BY T C, then putting v+v, v+2v, and 
f 3 2 3 3 | - | „ 


225 5 1 I 
To transform any fraftional power —- , —— : : &c. int 
U 


S 


ze, for , v, v, and then multiplying, we have 
0 I | 3 


ag 


7 


ur A 
_——— 
3 
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ve + 693 v + 119% 9: + 6v v3 = Avt + FA o + 6A v v. 
| _ 41 3 6 
+0. 
Then equating the homologous terms, A. B= bv — 5A =V. 8 = 


5 . 9 25 8 2 ' V yp : V V UV UV V 
1 1 2 


2 9 


ec. 
U © * V ; | 
3 


And likewiſe _'_ 
<3 


x 19 7 269 


it 


= 


r 5 A EPI +4 "Is. OE J 2x , - — 22 
* 2 — 2 * . v — * * 

oy —— — : - — n rer . r * Ow — 2 - 22 7 1 2 

wil” 6 £45 EEE IS, OE OE no wa 2 2 Ye] en s Fo ” — — a ARDS Boo ui - 5 
SF. : > 3 hat — — — 2 — 2 48 22 4 8 We 1 8 $2. + SEES i Re Fw td ba. 2; — ” 
r % Ws Err „ e _ _ 

* - - * - A 
8 * — 8 * a ” — - PO — — aA — 


5 = 2 : 8 2 n — * n N 2 To" 8 
= Is . ß 3 ES ot WL RC? "FP 
£ 8 , 7 
— 2 — ee . 5 


— = 
— eee . — 
— — . 2X.” * 
8" EIS oe IP) _ 4 
— — — 


— 


— OSS ES = 
bt 
— 
Qu 
$3 
2 
D 
— 

15 
= 
d 
I% 
S 
d 

2 
— 
= 
— 
Q@ 
4 


1 . . 6 v3 


FERENT rene Co 


. 
| 
| 
| 


1 
Wes 1 
0333 
5 
8 
* 
. 
=, 
: [1 
. 
4 
(25 
$128 


„ —— was — * — 
I = — — 2 
ona > Lo 488, EY" = 2 
— pa . „  —_—— 


ut —— 
_ _ — . 


4+ Sree V R F 


o 2 
— 3 
— 


More generally thus, 


82 


0 c Ov OS 
= — 
2 9 — 


Let the following Table II. be thus conſtructed: Multiply any num- 
ber in any horizontal row, by the number of that row, and add the 
next number on the left hand, gives the number below. Thus, 


—— 
— 


35 K 5 + 50 = 225. 


THE , — e — r 
— n 3 5.8 
N wy 2 * — * — % 8 — 
* I * ; Peter} a vn — r 
* 7 F — 
© EN SY TY — — 2 
2 5 — — 
* * , 
. 


TABLE 


3 
TA B LE II. q 
1 : 1 
SE EE. 3 : 
JJC Ws 3 ; 
6 | 11 5 | 1 | 7 f 
al VVT i 
Oz. RB... ² wXTTVVTTbTbTTbTbTbTbbbT 9 
C n : 
| 5040 F-43008 eie |. 6760-1 -1960;;4 322 e 1 
(_42320 109584 (15124 67484 l 22449 4130 l 540 426 | t E | 
Then to reduce the powers to the forms required, take the numbers j 
in the deſcending columns for the coefficients of the ſeveral terms: þ 
Thus, | ö 
8 2 po” | 
1 I 18 2 V 6 0 l 
— — + 9 ———— + ö &c. il 
V V V 2 V V V V . © * VU V- + #©- V iy 
x | 1 3 4 5 
i 
| D I 1y* 303 
= 3 8 3 13 . 3 ow. 3 &c. j 
V3 V V Y V 9 © 0® V V . © * T7 V * © „ UV | ; 
1 2 N 3 4 5 

1 1 6 v 35 vr 225% - | 

a. 3 5 — &c. 
* 9 99 U UV S ; 
3 4 © | 6 R 
; 
1 1 100 8 8 ; 
— — ee. _ - — 2 &c. | 
6 V © 0 V UV 2 © 0 U VU ©. 6 „ UV 1 
4 3 | 


EXAMPLE XXII. 


To transform a * + PN + yu + I + ew into quantities of 
ſucceſſive values: and the contrary. 


Suppoſe it A 4 5 + Can A ⏑ ν bx; j 
Then by Tabl . 18, we have 5 | 
| ; 

U | 


< 


> 8 f PRs 7. ̃— , ⅛˙—.Cr . . a 444% ct W- 
2 2 e 4 * "#35 > : * Ss . ; PLL, . — * D * — yp * — 
x. — > . E maTus Amy . 4 8 . — . 5 — nets — — Tay * S * pa — e By w» 8 4 FN — Y 
. ͤ 3. Ee et 7 Sas <a EI r . Ts - „ * r * a 
2 = 8 — EV - a 4 1 — 8 „ 7 8 — — 5 N ow 8 ay : 8 a 4 — 4 
— — ye a wy — > 4 K 2 — - Af. $95 ag 49 * rages + — 1 3 V WiFi >. ors ” cal 22 8 o5 2 ” -n p 
IS — — — > 8 N * e . — 2 22 4 29 : * 2 e - ow 4% — — — — hems 
0 . 9 - - * —— — —— — — 


nn > 9 2 
e gs 
* — es 2 
. 

DDr - 


= R" 
ART 

* r 
e re 

* * — 

- — Sg 
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ax = 4 N. . X ＋ IO *.. X * ＋25 a X. . * N ＋ 15 4 X * K ＋ a xx. 
3 2 1 


99 185 6 5 + 66 vr + pany +Oxg 
4 * x. | 79 5 + 3 + you! 
* = 5 . . 
42 DRY 

_—- e WTF e + Dx x + Ex 


Then comparing the terms, Aga, B=2+10av, C=y + 63x + 2 Hare, 
&c. Whence | 


8 
er, + H. . 70. + I- þ er Zoe N 2 R . 

PT ey += 494750 | —2 

+1 Ti 

| + 9x : 

＋ FS: 6 ben x. Where the numbers are thoſe in 

+ 76 x* „ +8» the horizontal columns, Tab. I. 

—+ I5 a X? BY - 5-4 | | | | 


And if aw + Bx+ + 75 N, &c. was to be transformed into 
A x + B x. x + C *. . x, &c. the ſeries would be the ſame as a 


this, NE the ſigns of the quantities in each coefficient are alternately 
affirmative and negative. | 


On the comrary, 


Az..v+Bx..x +C xxx +Dxx +E «, being given; 


„ 2 B — 104 * = B — 10 Ax, y= C — 
25 a 2 3 = C—6Bx + 35 Ax, &c. whence at laſt 


Ax..x+Bx..sx+Cxx* * + Dxx + Ex Aub bs 


1 1 


iNHTHAKNUKENSES 5» 


| J E. 
— 6B > x 7 x2 + 20x  $&z where 
＋ | ton 2” os A's — 0.5 
n WR RS + 24 A x+ 
the numeral coefficients are found in the deſcending columns of Ta- 
ble II. : 


And if Au. + Bx..x + Cr..n, &c. was to be transform- 


ed into the powers "of x; the fries would be the ſame as this, only all 
the ſigns affirmative, N 


ExaMPLE XXIII. 


5 . 2 7 bl Ml: 1 b 
To transform . Co TT. & c. into quanli- 
ties containing ſucceſſive values: and on the contrary, 
Suppoſe it = a + y + 2 + - + a e, 
| . * „%% „ꝶ—] #8 Kew £ 
1 2 3 3 3 
Then by Table II. Em. 19, we have 
Fo 2 * 2 d x3 G & x3 24 4 4 
. 4 * eee moe ee 4 
* * * * XXX K * 3 3 
1 1 2 3 + | i 5 
| x 11 * 2 308 * 
> I AE a MEE a0 
x3 K N N Xa „„ X. . . . © & 
I 2 3 + 5 
6yx . x* 
1 . Y 3 Y + 39 - 
* * 3 „ "x Xe 
3 4 5 
3 0 109 K* 
. * „ 5 
4 5 
5 f 
56 . 
3 
A B C D | E 
FIT T7 Tow „ 
1 & i 3 * 3 | 
| And 


| 
3 
k 
% 
* 
4 
I 

P {1 
7 


9 — 
— —— 


by 
4 
. 
Py 


— 


£24 muy 6. — — wes 


— — 


N 


PY 
*.4 Fs a * 85 „ as 
4 3 x © 


®. I * 
: — 0: l . — 
— . > - — 4 ja — 
28 pot M . Fay | « me - 7 - N —— 2 * 
1 8 4 . S 4 | _ 2 * 5 e Pg” T 
ET "BF... 3 el 1 EIN BE: * Sands $4 0-488 Eh 7 2 
K * 2 > { ——— : — — — 4 —2 
oy WR * WA, of +" - * 4 1 * Fs 4 EP "0 — = - — 
2 * 8 . > ro — 0 * 2 — a 
oh > - Z's a 


— 3 
— 


. 
* 
% 


r 
83 
d „„ . „ xe 
— Any — 


— 


—— 


R 
A ca 
o pA - » 
* 2. 
— 
= 


8 


_ 
5 


. 
* 


— 


. 


_ 


— — —— . 


. 
EE 


1 7 
r 


_ —— ͤ A ale Me — — - 
„„ 
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And equating the like terms, Ara, B=3 + ax, C = 7 3E T zx, 
&c. Whence | 


bY 
c a + 6yX 3 1 T 1 = 1 
* 3 ex * 2 © „ * —— 118 * 8 * = 357 * 6 Fe * &c. 


Where the numeral coefficients are the ſame as the horizontal rows 
taken backward, in Tab. II. 


It 2 __ ? + 28 , GC. © was transformed into 


+. = 
& * x3 4 * | 1 
B C OE „ 
+ —— „ Ke. the ſeries would be the ſame, only the ſigns of 
= » ® 1 — 4 89 0 x : 
wa S 3 


the quantities in the ſeveral coefficients, would be + and — alter- 
nately. 


Ou the contrary, 


A C ; 
R + . + Kc. was given, to be 
. XY X:-X . . 4 4 5 | 
I : 1 2 | 3 4 | 
transformed into the powers of x; we have A, Þ=B—ax=B—As, 
y=C—3Bx+Ax, &. Whence 


„ E Mo dn hes = + 


E 
4D T 
+ B 2: Ta. = — 6Cy I a —- 1 
— Ax * + A x* 9+ * 1 DE = Is B * 1 


+ A x+ c. 


Where the numbers in the coefficients are the aſcending numbers 


of Tab. 1, 


| FD 8 


INCREMENTS. ar 


"= + w * 8 — 5; &, was transformed into the pow- 


* X N . x. 


— —2 —3 


ers of x, the coefficients will all be the ſame, only all the terms are 
affirmative. | | 


PROP. XIII. 


To find the integral of any | given increment, 


R uU l. E. 


I, I F the variable quantity increaſes uniformly, and the integral pro- 
poſed conſiſts of the ſucceſſive values of it multiplied together, 
or is a perfect increment not fractional: Multiply the given increment by 


the next preceeding value of the variable quantity, then divide by the new 
number of factors, and the conſtant increment, 


2. In a fractional quantity, where the variable quantity increaſes uni- 


formly, and the denominator is perfect, containing the ſucceſſive values 
of the variable quantity: Throw out the greateſt value of the variable 


quantity, then divide by the new number of factors, and by the conſtant incre- 


ment with a negative ſign. 

3. In compound quantities, let one part be denoted by X, the other by 
V; then the integral of XV is bad by this ſeries, [ XV | = [x] V — 
2 3 | 4 | 

[x]v + [x | V_ + * V + &c. by Prop. IX. 


4. If the quantity be a deficient increment, it muſt be transformed 
| Into one or more perfect ones, by Prop. XII. and then the integral is 
found by Art. 1, 2, before. 


5. When the increment is any power of the variable quantity; reduce 


it into perfect quantities, containing the ſucceſſive values, by Art. 5. 


Prop. XII. then the increment is found by Art. 1. or 2. before. 
Or thus, 


6. When the increment is any power, or ſums of powers, of the vari- 
able quantity; for its integral, aſſume a ſeries of powers, with indeter- 
mined coefficients, making the index of the higheſt power greater by 1 
than the index of the higheſt power of the increment 3 then finding 
the increment of each term, by Prop. VIII. put the ſum of all equa: 
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to the given increment; then by comparing the homologous terms, the 
coefficients will be determined. | 8 N 


7. Sometimes the integral may be had by comparing the given incre- 
ment with ſome other increments that have been obtained before by 
Prop. XI. and if the given increment agree with any of theſe, the in- 
regral of that is the integral required. For the ready comparing theſe 
increments, you have ſeveral forms of increments and integrals, in a 
Table afterwards. | 


8. Sometimes the integral may be found, by «fuming other varia- 
ble quantities to make up the integral; and then tinding their yalues, 
by help of the given equation, and its increment. SO 


9. When any doubt ariſes about the integral, find its increment by 


Prop. XI; and if it be the ſame with the given one ; the integral 7 
rightly found, otherwiſe not. To. 


EXANPLE I. | | 
7 o find the integral of x ; the integral is either x, * E, &, &c. or 
x, x, Xs &c. ſuppoſing æ to increaſe uniformly z but the integral is 
caly s, when x is variable, 


EXAMPLE II: 


I hat is the integral of =, ſuppoſing * to increaſe uniformly. 


By the general rule Art. 2. the integral of —, —, —, —, —. 
| | | 1 e 1 * * * 
bs 2 — 1 227 


. x | „ LM 
c. 15 infinity. 
OY 


And to find the integral of =, and x not given. Suppoſe there is a 


3 


ſet of geometrical proportionals, 5, a+1 .b4, a+ 75 I bk. 
TI , call any one of the terms 2; as a+1 5. Then 2 = 


a+ 177% — TI h = a+1 bx a=az, whence *. = a, Therefore 


2 
— 2 . 0 — | 
if ”. = a, the integral is 2 = 471 b. 


Ex AMP I. B 


ExamPyerL E III. 


27 fd the wig of az 22 + # 3.2% 


Art, I, 8 the int. e n — + — 


Ex A Mp I E IV. 


+. Bcd 3 is. — ws 


2 S 2 2 2 S 2 2 2 
„ 


The integral of 


2 K 2 * * 
L 2 e 


5 WT 
3 2 2 


EXAMPLE V. 


To find the integral of & 2 2 25 this quantity being defective, will 


Wo 1 

be reduced (by Prop. XII.) to this 2 2 2 * — 42 2 2 102 2 f7 

1 13 
2 2 PROT ©» 10 5 2... 2 
© 8 1 | 3 1 3 3 1 N 3 
whoſe integral is — — — es — = — 
| | 5 2 4 2 3 2 52 
ü So + 0:6 10 | 
x 2 — 2 2 2 
| 3 9 1 


E x AMPLE VI. 


7 find the integral of 555 This transformed by Prop. XII. be- 


2 


a al U a 
— — 1 oral is — 
comes —— —— » here v 1s given; then its integ 57 
A 1 8 We 
ns ” 
Tous: 
A 


Ex AM PI R 


r 
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8 


ExAur UT VIL 
The integral of V* is required, where v is given; this (by Prop. XII.) 


V5 VO 
ä is reduced to V 5 0 — 1 7 A 52, whoſe integral 32 = "3h 
3095.9 U’ | . 
; — 1 wt 
— * + a 
Otherwiſe, 


Suppoſe [v3] = Avi + By! + Cx * OY, then taking the in- 
crements, 


Av. + Ave. ＋ 4A vu + Avi 
+ 3Bvov + 3 BU. ＋ Bo: 

| + 2 Cov +.C wv 

5 + D* 


Then equating the coefficients of the homologous terms, 4Av=1, and 


A'S av 3B = 26 A vr, 4 B = f 20 335 | 
4 A, and C = Lo; V 2 0 

| 94 93 92 : 
Whence the integral of v = „ * 5 


) 


3 AM PLE VIII. 


To fnd the integral of 7 By Prop. XII. 1 transformed 
I 3 5 Ii 50-05 3 2 
into - — + — ＋9ê..o&c. whoſe in- 
d TEES I Some Pu = * „ „ :4V 53 | : 
1 3 n. 3 


tegral 


INCREMENTS. 45 


1 3 5 119% 8 
tegral is — — — — —¼— — Kc. and the 
2 v VVV 
1 3 


; nt of = = 
increme - 


10 a v 


8 & c. 
4 


Otherwiſe, 
Suppoſe [=] = 5 ＋ = * 2 + 12 &c. then _— 
the increment 
a v =—2Av oi + 3A Roa 4A + 3A py =6 &c. 
" lv + 6By: — 10 B 0 &c. 
48 ＋ 10 Ce &c. 
| — 45 &c. 


And equating the homologous terms, — 2 Av = a, and A = _ 


allo 3 BV = 3 Aw, and B = — "5 $8 like manner C = 
= : ag __ == a av 
and D = o, &c. whence the int. rn eD a  * ae" &c. 


ExamyeLE IX. 


To find the integral of ax + bu + i ＋ d- oc. 
By Prop. XII. this quantity will be transformed as follows: 
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8 r r — 8 7 — 
3 — wh Fs — Is AF ho 7 9 TIN — 8 
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T 
r 

. . 
A F + CXXXx 


_— 2 


d x = dx's + 7d Ox x + % + dx X x x 


— —2 3 


— 


Ke. tha , 


44 = a VV | | 
+ 7.55. + bs OR Fo * ＋ 52 ＋ t 
Ke. 6x? + 701 
And therefore the int. of ax + 5 & + c + dat &c. = 
a 4 ＋e ja | | 
+ bx + 3x{xx x + 64x e 
+. C x T7 + 7 ax* 6 &c. | 4 po &c. — &c. 
+ 4 x3 Kc. 2X e 5 * 
&c. 2 8 : 


where the numbers in the ſeverrl coefficients are the ſame as the hori- 
zontal rows in Tab. I. c 


Ex AMP LE X. 
To find the integral of a xz hx +4 Fr. 


Let it be Ax“ T BT +C# + DE Kc. then taking 
the increments, . . | 


F Ads + e of e e 


| | * 
+nBx x | * B * mx + &. 
+ u—1 ; C x" _ + &c. 
&c. 
„„ + &c. 


Then 
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Then by equating the terms, A = 


— — 


— —_ 


2112 


; WEN | : 
C = 7 e A D = 


nT＋EI. 1. 1 


a 2 


— — 
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LT |: x 


a i 0 
— — * * Ee 
2 x x 


5 5 70 ” , 5— 1 B ** | 


+1 n. u— 1. 1— 2. 13 Axs5 
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11 n 


3 2 ee 5 
n x 1—1 1 — 1. — 2. * „ 
Corel. Integs n = EC + 2 — — x 3 
125 A1. 4 2 N 12 , 1.2. 3. 4. 5. 6 
„ 
R 1 * A. "i % + 
1 „ 8 1108 


5 n . . 18 . 1 —9 


* &c. 


1 1 i 


EXAMPLE » & BY 


| a 4 
To M the eee, e © + HT om & C. tranſ- 
form it by Prop. XII. thus, | 


a a Xx 24x 6 a x3 & : 
3 — | „ de. 
* * X Xx TENTS. * 3; 3 
i 2 3 4 
U * 11 5 x* 
. „ TIES 
2 3 4 
c ©} 6c x 
gu: 7 9 x X..X 
3 4 ; 
d 4 
5 K „ 
4 
5 5 1 „„ ax +6 
enn, , om , oe SS ob 
9 1 8 ; 


2ax* + 3bx +Cc 4 6ax* + 1T1hx* T GCN +d 


&c, Therefore the integral 


N. 8 Ni» »& 
: es 
„ c 4 e „ 
. F 
ax + b 2ax*%* ＋ 3bX+c 6ax3 + II ＋ bex TT 
VHT „ | 
1 | * 3 


&c. where the numbers are the 


24a. + 50bx3 + 350x*+10dx +e 
85 3338 
horizontal rows in Tab. II. | 

Otherwiſe, 


INCREMENTS, 49 
Otherwiſe, 


— 
Let the integral be * + W 4 — D_ 


X * e 


+ &c, then 
taking the increments, 


— Axx* + Ax „* — AN X +A xt A &c. 
— 2B K + 3B x- — 4B K* 
— Cx + 6 x: 
—4Dx 
&c. 


1 33% NE oe, + d K*, &c. 


8 3 1 
And equating the like coefficients, A = — , 1 


Ax ＋ 3B — Ax. —-4B x +6Cxt—d 
C 3 : N 7 * — 
39 _ 
2 b 1 g 
the e * 1 + — + — + Ke. 


» &c, Whence 


* 


—Ax* + 5Bx+—10Cx3 2 10Dx.—5 

5 X #5 

Ax5—6Bx5 +15,Cx4+—20Dx? +1 5Ext—f 

. 

Ax BX —-21C &. + 35Dxi—35Ex3 + 21EX'—g 
7 * X1 


Ko oe 
= = 
A X*%—b 
+ I 
—Axi+3Bxt—c 
* * * 
Ax! — 4Bx? + 6Cx* — 4 
T” 4 * * 
+ 
＋ — 


* 


&c. where the numeral cares, are the ſame as thoſe of the ſeveral 
powers of a binomial. 
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EX AMPLE XII. 
To find the integral of — : 


Let Z = hyp. log. of z, and Z = hyp. log. of .2 or of z+2= 


ITT. ð̊t Be tre by th fl 
- — — — Sw a - <* G e. Oga- 
8 = 5 375 425 ＋ &c. by the nature ot 10ga 
a 8 | 2 25 23 2 * 
rithms. Then Z— Zz or Z = — — —— + — — — GG 
| I 2 22* 6 
8 "I 23 88 1 Z 
And — = — —— e., A — = 
2 5 ＋ 28 323 42⁷ . E T 
2 2 . , . 
22 — 32 + I _ K. In „ = — 32%, 
e = = bd example, 
8 0 1 1 > 
there will come out, the integral ff. = — = =. = + 
| 2 2 22 12 2% 
23 25 27 | | 
— — 5 OY 8 &c. 
1202+ 2522 24025 : 
Or thas, 
. : 
— 1 2 2 23 5 9 0 
Since *”»·1E,ʒ + = &c. Theſe quantities 
being transformed by Prop. XII. we have 
5 | | 
+ OO a \ 
S. 2 2² 25 1 
_ "© < T J aa ens &c. 
1 1 2 3 4 
5 * 23 1124 
323 TIL 3 2 © 9 2 2 0 2 8 3 2 9 2 0 2 
2 3 4 
25 2 624 
* 27 — * : + 
4 2% ; 3 5 
4 
J* "5 ES 
| G25: 7 
oy 
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51 
that is, 
HS 2 + 4 mo 3 
3 22 2 622 2 4 2. 2 n 
. z 1 4 
| I Z I J 2 
herefore the integral of -- -- — — 1 
Theref 3 2 2 THESE TEE LR y wont” 
| 1 2 
. _$632* e | 2405327 
/ JOS 'S $041 a8. 1095-8 > 720 K . 2 
3 | + 5 6 7 
&c. 
Ex AMP ILE XIII. 
The integral of r is required, ⁊ being conſtant, 
| 2 | 
| S . . 2 8 
Put rr, and the increment is — r — r = N = 
. 
7 —I ; put the given quantity r — 1 = R, then 55—s or 
| : 1 
Rr, and r; and taking the integral, 8 3 
5 N R * 
. f V : | 
Integ. of r 
2 2 7» 2 
; : 7＋ a 4 r 8 7 
urns In o- of 8 3 ee In . 0 
Likewiſe 5p teg. of , and 5; nt. of Fr Ke 
I | * 
: | . r 
By a like proceſs the int, of x = —ů— 
. 7 2 
5 FX If" 


Likewiſe, 
To find the integral of vr, where 2; is conſtant. 


According to Prop. IX. Let V = v, X = 1 the reſt as before; 


then fince [X | es - _ & [x ] = < ; K OL 4 &c. 
therefore 


* . 
or OY OO 


2 . 


3 


" r * 4 
* 3 1 AG . _ ** n 
e 7 _ " po © _w wo 
24 622: -02$om rn : Es 
2 - —— 2 ” Ry D q 


- wn 2 S 
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. 
5 22 
* + 


— _ 
— — 2 — — 22 
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— wearer — EEIED 
LPS TATION EE 
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1 
1 
* 
1 
4 
* 5 
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— r » 


1 S 
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. DIE tp Sts yt Paton 


: = — — , 
8 22 N > 9 — 

—_—_ rn A ES . 4 Sn NE 
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52 * of 


therefore [x] — 


ne PL = eb WH > 


Therefore we ſhall have 


2 2 2 
th or. JS OF * on 
199 V 


where v may denote any compound quantity, whoſe increments may 
be found; and if any of the increments, , , Y, Kc. be o, the 


ſeries will terminate. 
ExameLE XIV. 


To find the integral of v. . 5; 2 and v being conſtant. 


N 


Put X e e then e 135 [XI 


2 
— 5 . . 15 = — E. 8c, and V gi g.. v, 
ve" 11 „ U 0 5. e 1— 1. 9. . 5 , &c. Whence 
55 2 | ' — 
by Art. 3. the integral of r V...v = V-. 5 . vV 3 5 
5 . . vs * 
| | 7 


— = 71 3 
, ß 
V FE ? R 


T 
6 7 7 | 
A1 . 7 * 1—1 X <3 V-+ o „ V — " _ 0 3 ——— W 
1 k X Þ7 &c V ; X * | 
KF OX or A 2 "Re 5 — 1 %K 


where A, B, C, are the foregoing terms. 


EXAMPLE 


INCREMENTS. 


Ex AMP L E XV. 


2 


To find the integral of : 2 KE, v being conſtant. 


Put X — 72 V _ 


„R= — 1, then by Ex. 13, 


0 ken f ACRE DIES 
V 


—— — 1 * — . Rd —— . — * _ —— Sf» e e * - : 
e 2 JJ... ͤim oe Ss 
. 7 e TRY = 2 — * 2 — — 
* < — 2 — 7 = E „ 3 x 1 5 1 1 — 5 
1 —- N r * 9 + 2 n AA . 
"PLC 8” 5 4 = 


EY — INS 
r 
2 . 2 4 


r * f : 2 
<<; 1 jo 2 2 £ . 0 — - 
5-48 L n AG oc: . A 3 2 - 
5 7. * 5 2 J de 2 — An a — — — — 
— — . — — ; p 75 Y . — 2 <a n * n man 2 Z "2 5 7 
ET 95 27 Ae nr 3 R KA 8 r wy W "SW \ . 
” 2 * — v be * * 5 * * 


ATI. T2 X v v — n+1 22. 13 X 01 


eee 


„ S9. 9 * 893 
211 12 | | n+3 


Therefore by Art. 3. int. of ———;, = 9 — 5 K * v RR 


7 | n+1 
TS 


+I. n+2 X 75 n+1 .n+2 .n+3 xo We = 
1 | TT 3 
1 ＋ 2 a+3 


X COIN 2 — 


2 | * 
7 f af n 2. n 3. vr 


5 TH SO TH IE YT EEE 
2 a+1 n+2 1 ＋3 
where A, B, C, are the foregoing terms. | 


— 5 * 5 ww —— * — - — — 2 8 7 . 
C 


Ex AMP LE XVI. 
To find the integral of 7 X: ax + 5 9 — + 5 F Pans. 8c. 


Let rix:As4+Br 4e +Ds cc. be the in- 
tegral. 1 

Put x 2 5, * = As + B 1 + C bee. Then 
* 8 1 r, * = * r ; then ſince the increment of 


: — : . 2 RW Ss _ : y 
A _ — 7 5 7 r 2 "vx — hb 2 —— * 8 2 — — — — 2 * n 5 
„% ²˙ A TF ꝙ2—— err ur Pine TATE: 


P | 3 


—_— =. r * - 
n a 7 — 5 4 8 
% 44%; PP 
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x v = vx + xv, therefore finding the increment of v or A * + 


: n—1 12 . 
B x &c. and ſubſtituting the values of v, v, x, x, we have 
| . 4 : 


„ Xx: Ax +3 # 4C x ue; 
+ r* xr *X 7-P 
= * XR 4 „ 3 # + e x ** Ke. 


that is, putting K 7 — 1, — * | 
R A „ + RC "os | w+RDx * &c 


— — 


+ pnAx + —ͤ— * 2 ATI. * A 
T9 
+ . t. Bæ + A Be- 
- ＋ P.n—2. Cx 
— F, ̃ Ä , + 4 Xe. 


And LOS the terms RA = a, RB TSH AXT = , RC + 


3 — AAT . 1— 1 B x e, whence A = 4.15 * 
r * A — 1—1 B x 
c= == 7 — | &c. and the integral of 
ran 43x per” "ow 43 22 8 1 X into 

(A) (5) 8 
b Lots 
a x 2 Pn av 3 =. L Ax" FL 
R R | — p .n—1 .Bx_ 
7 | —— 
. | 1 
4 Sy. ns Oe —=30Ax*| 
n Nl 1—2 OL IS > 4 
— 1 8 . NO . N Pp Ax3 ; —— 2—1 1—2 H—3 72 Bx3 | n—4 
1—1 H—2 Pp B x* | I 2 ES: N 
55 „ | oe 
— 1n—2.,p CN 55 
— — — 3—3 .þ D x L 
where x, 2 are conſtant. | R Ex 3 


INCREMEN IT s. 55 


E x A 1 b. E XVII. 


| | ; . | b Os 4 1 5 | 
To find the at hed of v . _ &c. 
where x, 2 are conſtant, 
3 „ B Cc D 
Let the integral be r X : N * &c. 
Then putting x = 7 = = 4 5 &. R = i, p=rf, 


and computing the value of vx + x v, as in the laſt, we ſhall have 


Mt, BB, RK = 
—_— + + = &c. 
pAx , pAx* P Ax 
—— + 
* * * * 
2 p Bx 3PBx3 
* T * 
Nx 
a+ 
2 b 5 d 05 
1 ” 7.7. * * * * 


whence A= ©, B = b+p.\x 8 c>— Þ A x* + 2Þ BY 


--_ | NR R bl 

D = 4+ p ns 3 10 Bx. + 32 C „&c. Whence the integral 
of 7 i xt Ds - . 
0785 x ö T * . x TOES 
+ 7 2 + = &c. where the numeral coefficients of A, B, C, &c. 


are thoſe of the powers ot a binomial. 


EXAMPLE 


a 
L] 
— 
a 
* 
$ 
* 
1 
i 
AF; 
"Juba 
( b 
#5 
& 4 
13 
1 4 
1 4 
> | 
FI 
WM 
* 
* 
0 
'W 4 
” 
"I 
x2 * 
ny” 
. 
"$ 
- 
4 
f * 
* 
A 7 
* 
= 
4 
» 8 
.Y 
* 
* 
+ 
9 
\ 
3 
1 
34 
moe 
i® 
'F 
K. 
* 
5 
* 
iN 
4 
4 
25 
a 
* 


8 
_ r r 2H owe» 
* — 2 


gg; — — x 


— — ——— 2 3 - — 2 Sm — . 
ße e SITE. 
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ExAMPLE XVIII. 
To find the integral of 7 X:a+bx+caxx+4d * * eR 
&c. 2 and x being conſtant. | ” 5 85 
Let the integral be r A +Bx+Cx x +Ds x x Kc. (Sv) 


then taking the increments and dividing by r, we have 
RA + RBx + RCT + RDx..x (= vx) 


+ PBX + 2pCxx + 3D wx + 4pEx..xx ( v 


= 8 + * T + 4. 4 


And by equating the like terms, RA + PBx =a, RB + 2pCx = 5, &c. 
SRB c- RC, 


where A is indetermined; then B = CERA 6 * 
2 & 30 N 
&c. and the integral of „ 4 4X TS R T dx. * &c. = 


N — — 
a—RA 4 be BY £ 2 x x x &c. where 


7 X: A + 


R = 7 —1, 7 — r, B, C, D, the preceeding terms. 


Ex AMP I E XIX. 


; 2D b c d e 
To find the integral of r X84 + — + 7 + 7 2 + * 
I 2 3 
Aſſume rx: A + . + 125 & Ft 3 + Kc. for 
| io „ 3 „ ; 
3 


2 


it; then taking the increment, and dividing by 7 , we have 


RA -+ 


IN CREME NTS. 


. 


57 


Kc. 


7 4 e 

7 2 J Xe. 
41 . 8 | 
1 _ * — 8 


[{ 
Q 
— 
* 
_ 
_ 
| 


Whence RA = a, RB = ö, RC = c+pBx, po = Ae &c. 


whence the integral of * * 72 3 = + — 
EX “ D # 


1 2 8 3 


e — X : 4 + - * 2 —” EENES ” r &c. 
ä * 6 % Nτ XN . . 0% | * . . X 


1 2 3 


where R = Y — 1, 1 * as before. 
Or expunging B, C, D, 18. and putting P, Q, 8, for the whole 


preceeding terms; then int. 7 * into a . ann e . &c· 
| * * x X ax 


2 


Q 
dẽ 


. 2 
8 b x 7 | 2x7 
IS | x R x * R Q f 


a 2... Kc 


e Q EXAMPLE 


\ 
"1 
1 
* 
s 
$ * bl 
0 F & 
4 «a 
4 oo 
319 
A 
: 
+ 
+ 2 
« q 
Wa 
Ws 4 
: Ws 
> MM 
BY 4 
A * 4 
we. 
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. 
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. 
= 
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1 
1 
hf 
\ Ly 
a 1 
1 
0 
'% 
. 
Ay 
q AS 
47 
& 
"1 
N 
1434 
"v3 
1 
» 
1 
v2 
Tp 
2% 
527 


r 3 a 5 7 
222 ·³AA TE CRIT 


3 


9 
= If EE 


i 
* ? 
1 4 
L 
TY 
g 4 
"138 
RR. 
1 3 
+, 
25 2 
wo 
1 
5 
Py 
+ 2 
17 a 
5 
17 
* 
i 
1 + 
1 
os. 
188 
1 
1 L 
Ly 7 9 
1 we i 
1 4 
l i 
„ HJ 
. 
3 
As Y 
4 1 x 
1 * 
-. a 
4% 
4 q 
N aq 
YH 
19 
*4 
: x 
* 4 
bY g 
Ls 
= bs 
* 
; mi 
i 4 
1 
By > 
- by 1 
1 
1 
Nv 42 
438 
t 74 
1 
338 E 
1 
1 
$ 1 
1 
1 
4 pf 
WE; 
* 1 
j 1 
8 
4 ” 
- 3 4 
y * 
» +I 
"RN 
1 
1 
18 % 
[ 2.29 
. 
6 5 
* 7 
me 
— 7 1 
ES 
"Fai 
1 
SH 
4 . 
* 1 
bs 
1,93 
Hl, 7 ? 
+38 
1 
2 
7 
12 
1 
2 
1 F 
1 
+4, 
N — 
1 
18 
* 
4 mn 
'oS 10 
2 © 
28 
14, Ty 
4 * 
x 6 
SY 
2 q 
WW - 
Ay 4 
* | 
"oF 1 
1 
8 
\ 08 
CE 
"58 F 
AJ » 
"i 
2 
* 
* 1 
E. 
177 * 
|» M 
iv 
3 * 
7 * 
* 1 
"ES 
_ 
we 1 
4 
9 
1 4 i 
A N 
W's 
1 
3 
I 
. 


3 OO NE 


4, runt;. Ei Lace eur = 
\ : 


4 22% — * 


1 an PPP 
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EXAMPLE XX, 


To find the integral 7 5 
D 


Here r . = v = uro Tr =UV z ru ru rr, 
1 1 1 | I N | 


UF , UF — 7 | 
7 5 
hence =1—2 + — „. Therefore integral of 
VU * 9 
1 1 1 
-r . ou. | 7 V 
7 I 
FFV 
V V U v 
1 . . 


by Example 12. 


Ex AMP LE XXI. 


| N 27. Ur ; Very - 
To ful the mitral 2 
8 Fo v 


3 -S 


93 


- —— 
— — —— — 


——— — 


Here we have v=r . v—r . yr = UVF ory Na 


1 2 2 


1 2 1 ut _—_ 
EY —_ rro. 


3 ＋ 21 r v =—27 VXv+v + ⁊2rrv =— 2rv0 + 27. ar x v 


— — 
1 JM 2 * # 


w 1 — 2 7 UV 2 8 AYrU 3 
vr. Vf . r ar — „ 
therefore : — =r— > + —=xzr + 
v 
1 2 | 2 A 2] 
2222 8, 
. Therefore the integral of — 2 
1 2 2 Y VU 
1 9 
bs 4 - 7 
ee — 3 7 6 , 
: 2 5 
; oY x 


bs 


And the like for more 3 . 
EXAMPLE 
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EXAMPLE XXII. 


To find the integral of — * ©» where v and 2 are con- 
V vV 
x | 


ſtant. 


9— r . UF VU —XU+FU+FIT Y-, U- rr 
3 f : 1 1 1 . 


—— . 


. 
8 
| 

[| 


9 i 5 
1 


: Then by Examp. 19. the integral of 


; cy 
where R = 2 — 1: 


Yen * 
of 


After the ſame manner is found the integral of 
: ot: a * &c, 


v VU 


=Y 
E x AMPLE XXIII. 
To find the integral of So - = o, or , where 
u is given, and 2 increaſes | uniformly. 
Here = = 5s, And by Art, 3. the int, of 5 2 18 = 12 ED 


- 


cherefore 


» 1 
» 
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4 
4 
1 
131 
5 * * 
* 6 
1 
4 
v1 
1 
Nn 
* 
+* 
. 
15 
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.Þ 
1 
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q 8 
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740 k 
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00 2 * 
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14 7 
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WW 
[24 
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1+ 
© N * 
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5 4 
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4 4 ry 
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* 
4 4- 
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4 . y 1 
5 4 
» $ "T4 
x BD 
[ 48 
1 
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3 TER 
"xx 
A 
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98 
3 
— - 
: L : 
TY 9 
x8 
#1 
1 9 
1 
o 1 
* * Fi 
1 
3 
1 
mT 
* 1 * 
bi 0 
1 
3 "CY 
4, 44x 
: 5. 8 
%' 5044 Wl 
N 
—— 
4,8 
+4 4B 
3:38 
555 1 
- 1 
. * 
1 
A f 
, 
1 
: 5 * 
ſl, 
1 
* 
* 
7 
l 
# 
. 
17 
3 
—Y 
1 
i 
's 
= 
375 
% 
142 
1 
cl 
1 
4 
Till 
= 
4 
33 
6 
4 F 
4 ö & 
* 
* 
* 4 
1 web 
1 
: 1 
þ 
1 
* 
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J . 3 72 
_—_— — 5 > 


8 ben, 4 
1 — oo 5. 
R 


yy = 


r 


— = — Tn 2 — Sa 


S 2 
S S 
— r pens 4 


* N 
Tint Sx — . 7p. PIs ts Eee; 


— 
. 


1 2 


SE — f A ie > 
CT 92 * - — 
K 1 6 _— x 2 


1 15 
33 — FS 


— 45 3 — ©. "FD. — 2 = * — ma 


U hed FG 
n N re A —_—_2 be Y 
y : ws 4-08. . 833 * 


* 
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. 2 5 ä 
therefore the integral of = i r K —52.= 
- s * 4 7 =_ 77 285 


20 52 
>, =. Therefore r 27 = , N N 
A N | » f w IG 5 * a | 


— — 


5 — | 2—2 
Whence i ö N undd E = 5; 
' 2h : - S » 


Ex A MPI E XXIV. 


To And the integral of —— 5 —8 = s, where u, 7 are conſtant, and 
may be either affirmative or negative. 


Suppoſe the integral, S; then taking the increment, 5=vs+ vs, 


5 „ Vs — r 29 
* Then 1=—v * S=VS, and 5 = T=e_ = Jas 
by the given equation. And pz +n Xx v = — „x „ Iv, and 


A v | 
pu + = +2 = 0 
A . 


Aſſume v = 4 + nn * * E &c. 


1 0 SY 
* x a 
—5 Ty ET Fo 
%%%» ww re... mw. er. Bee 
. 2 2 2 2 2 8 
1 1 3 
8 5 da 
V = +— + — &c. 
I 2 2 2 * 8 : 
1 1 SY 
5 — 32 Of 2c 
1 os Ed . ” 


Then: 
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n a ab nc 
2 + SN 
E 1 


2 
2 
E e 


E * 


2 2 2 2 2 
1 1 2 


— — — 


Pp - 
— 1 . V 


23 ＋ na=o, and 3 = * = . Þc—pb2+nb+rbz=0, 


Then equating the homologous terms. p 4 —r = o, and @ = GE 


and c = . = "T2 h = — Likewiſe 
2 7 FOE 

i; = DELETE 2 x me Fel. eh * — #72 x Ke. There- 

7 1 1 

TTT BE oe MEE n 2 

—— l Pp 9 * PP ES 2 * 


* 3 as. eat ben ͤ —òwu 2X3 ga rc 


FF Pp 2 2 * 9 2 


#T32D &c. 
2 


3 


8 M O ru Mo 


When r=1, this Example becomes the ſame as Ex. 2 3. 


EXAMPLE XXV. 
To find the integral of Ms — — „ 


This reduced is n FN x $5 — — + 25 = o, put a=m+n+2, 
b = un, then as + 21 + 8.5 = O. 


R | S uppoſe 


„ 2 ” 8 8 - 
- 2 bi — 
; ner th. 22 A OS Su "Ty 
— EINESY - — * - pn Ear « 
— — — PE c * =_ 


1 1 , " 3 „ 
38 8 2 £5 3 1 —— 27 N e 2 * * I x 3 2 
PPP — 8 


vw 
85 
_ 
B 
: . 
* 1 
1 
1 
mw + 28 
. by 
Fe 5 11 
1 
4 bs * 
4.228 
.3* 
8 
1 g 
95 | 
2 * 
1 
| 
9 
N 4 1 
WM 


245-466 +Þ 
N n 
— SES 


i 
3 


7 
| = 
"WY 
Ws. - 
F 
Jy 15 
% 
be” , 1 
2.28 
, a 
* 1 
+ 
* 2 * 
8 
1 
N : 
1 
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Vs — 2 

Suppoſe as before 5 = v 5, whence we get 5 = —— = - . 
Y COT T6 
| - 


| 8 — 
whence aV + -- ＋ 2 X 1— = 0. 
1 2 1 1 N . 


Aſſume v = 2.2 + 8 + 2 * a oe &c; 


= þ bs oo oe 
rd nr Hi ale 2 ＋ 2 2 TE. 
I 1 3 x 2 3 
| Bm — 2 1 
Orv =az 4 64 1 110 
4 2 SS 2 2 2 8 
1 8 -- 3 
1 Y S. 290 2 : 
SZ 2 2 2 
. — 1 * ' 5 = one L- [ 
PIETY om Wy + 2 2 1 ” 
'A 3 3 
& x1 = I- N 2 * _- + INTE + 3 2 5 2 . 
y | by „ „„ 
| | 1 3 | 3. 
402 * Z—32 N N 4 6 g = 
+ 3 4 ET Fn £9" AG 0 6 - 
S. 2 „ X . 2 
4 8 6 
&c. 
Whence 1 
av . +60 + TL þ SIE + 2 ae 
1 | x S 2 2 "0. 0 
; x 8 3 Y | 
+ Lo „ + 1. + £2. an 
2 1 2 2 2 2 2 2 
- 1 1 2 
+ Zz I— v I —-ag X 2 4x obo 20% NY 3—1.22— 
N „ 23 . * 2 2 
x 1 2 


= 0 | | &c. 


Then 
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Then 


a+ I — 4 2 o, 4a 86 +bea =0, ay T +b6 + y23 =0o, 
ad—ayZ+by +292 =0, a: — 20 4 +09 + 35 2— 1. 2 0 S0, 
a — 3a be 4402 — 2.3. , an — 4a +06 + 5 — 3.402. = o, 
49 — 5 4 n +bn+6IZ—4.51n2* = o, &c. whence 


> = 3 7 Sq. ==>, 
| 2—2 4 a2 a ＋2 

„ 202+ 1. 2 B—b 2 342 ＋ 2.3 Z — „ 442+ 3-42%—b , 

OO A e 

9 = 3 „ 

4 ＋ 62 

4 5s X into — + 7 cx + 22 > 4p AP 

3 2—2 a Xa—2Z ZXa+FZ 4a X42 

8 a%—b * — K. that is, 

2 E 4 g N 4 ＋2 


&c. Conſequently 


—— 


. „„ a $—þ 


4—2 ac ⁊ XA 2 X 4 ＋t＋ 22 


2021.2 Bb P , zaz+ 232 bp, 42842. 
z Xa+32 Z X 4+4Z ZXa+5% 


F + 


542 +452 6 + &e. | 
Z X @+0Z 
5 ; 


EXAMPLE XXVI. 


— 


3 — 2—1 
To find the integral of "<= N > ED 5. 


2 X 2— s <6 
1 ü 


Let s = vs n. Then s = 5 = — u X 2 = 


5 + 5 XV X Z—H[——SVXZ—1, or 1 + VX Z—H—VX Z—INXS = V X Z n 
0 2 1 1 Fe 1 1 . 8 BY 


F + V X 2— Z X =, 


whence 5 = = nn nm 5 — 5, there- 


1 1 | 1. 


— 


fore 


1 . — CW : r 

1 225 22 = 2 * 

4 5 P — 9 OY, 5 GEE FX; 2 7 us * . Ks 

MIS 3 W n J ͤ at BS 1,” r 3 
- 8 - 8 2 . fl 4 * 7 
x n —4 + —— . — . — 

= L - * bu - 8 8 * * I; LN _ 2 E N 
( Soo. 14. rang oh e e tee RAS <0 * 3, > : r — 9 
AE Dee RY * 2 e , 2 5 PETE ES? 2 


w * FT * = - OY we = 7 AE, - IT. _ - TS ARIES « 


4x 
bf 
' 
:iHh © 
4 
I] 
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| 
oy 
Wn 
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| 
£ 4} 
fl, 
p 
[ 
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4 5 
2 
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„ 
. 
9 Y 
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4 F 
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* 
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r 
- * eee 2 
— 


SEE IE Af ES aa — — — Toes” 2 * 
- CEN FRE HRS oo WES 1 1 2 L - b ET * SY 5 >= , 2 F 8 ORs * 
EET. Cee ma by 3 . 2 . 1 
x Eo REN "BAC II... Ng 8 . 7 | — 


Ta 
E 
3 


„ mr 
ML an > A 
=} a 


P 


3 wy 


wv 
M4 Led — 10 oo 2 — 
+ net thn I SR ERS ROE — 
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— — 


fore . 20 X TW GSC 4s SEE s; 
VU | þ | 2k 2 x 
m v 1 | mv 5 
and V . that is, 8 Os 3 = 0. 
Aſſume v = A + 42.4 us &c. 
| 2 2 2 2 2 2 
er r „ 
; TY TXT 2 * 
1 1 2 3 
5 AA 2 &c. 
i | 2 E 8 
1 1 2 1 3 
And <= 2:44 4 — Kc. = b : 
3 5 * - + (by Ex. 19. Pr. XII. ) 
8 1 , #42: ce. put 1, 1, 1, 
2 SZ 1 . 
1 | 2 | 3 


for nE, n+22, +32 &c. Then 


mv; mA mB „  mD 7 
V * 
— BZ 20 3 Dz 
: * 2s " Fen © 122 we. = 0. 
1 1 2 3 
I u n 1 n N 
+ . 1 1 1 1 2 
e 2 T 2 T 905 2 22 P 8 &c. j 
1 1 2 3 


Then equating the coefficients, mA + 1 = o, mB + B 2 n =O, 
mC+2Cz+m = o, mD + DE +nnn =0, &c. whence A = — 


B E , C= ——, D = —- —— &c. there- 
m m2 m + 22 m ＋ 3 2 
Os E 7 "0. 
fore 5 = 5X X X into — — :  ———— Ec. 
a | * | " "m n . 2 22 « 2Z 
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| 2 ” | 
| 20> Q 2 
that is, s = 2z— X 5 X into 2 + ' 2 


m +2 19 my + m4 32 T 
4 
_ > * 

— + &c. where P, 2 R, &c. are the preceeding 


m +42 n + 52% 
numerators with their ſigns. 


EXAMPLE XXVII. 


To find the i / — — 1 
nd the integral — Mi 3 
8 2 . 2— 71 . 41 


1 


Let s = z—1.vs, then we ſhall have, as in the laſt, 


42 — = — y, and V0. » Or 


A I | 1 
| myr v my 

+ ES 8 2 o, that is, 1 r. + —- v — v + 
2—1 1 2 J . 


D 
— = o, put 1—r S p. And = + 5 + 8 + 


2— 2 ZZ 2 2. 2 


I I 2 3 


&c. 
Then, b 


p A pB—pAZ  pC—2pB2 2D—37C2 &c. 
＋ 227 * . MO SS 


1 R S 3 


mrA mr B mr C &c. + 


= 
4 
0 
* 
5 
IN 
2 
1 
BY 
+ 
> 
* . 1 
'N 
2 
5 
% 
4"$ 
5 
X 
Gy 
2 
* 
To 
+] 
eb 
& 
by 
it 5 


* 
— es 
S EN 3 Hu 


8 


— 


— — — — — 
cc - 


DO I 


. co ren 8 


8328282 SET ng ⁊ NT I WEI. . CE, 57 nal 
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RE 


> et 


* 2 
= SE 
Soros 
N 


— 
1 
. e « 


a2: - . 2. a de) i 8 
7 es. ad . 2 CE * 1 * 8 I —_ 1 . * - — — — — . by 1 _ 2 
— 3 N 5 = . . . 2 . EE 2 8 Z 2 . — 
Seen Io a ere ri or ng nine nl NL 27 io Os 6 7c 5 — 


— 


* * — ; q : 2 r rr r 3 = 8 

„ ora eB. . — 3 4 — D 22 2 
* 2 2 2 * 7 6 A 4 . ot D mY 5 OI * — 4 "" 

= ye - * — As, — 24 þ th 1 — I dy: — 7 - 


: "_ * — 

r n. Es — 8 8 GEAR 
. bh "2 I; 

* — 


IF. - 
2 put yy (arte 
— 1 - 


3 


8 


eee 
— 


. 
n 3 


2 
e 


— 2 — 
* . — 4 
* 55S 


* a — n 


3 


. 
2 


r 


— — 
g ld 


— — © 


JD — \ ee — - Gat N 
rr” CET CEN — * 


25 


\ 

l 1 
"oF 
| 1 
il 
Oo Fl 
LN 

* 

j 

* 
x * 


— ö 
, N 


2C — 2pBz + mrB + 232 ＋ un = o, &, whence A = — 
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Put u, u, &c. for n+2, „2g, &c. and m, m, &c. for me, m+22, &c. 
3 x 2 ; 0 | 


then equating the coefficients, pA +1=0, PB—PAZ-+mrA+AZ+1=0, 


7 
| 1—Y 
mr A +1 mr Bun miC+n..n 
B = — — ( — D's — Te. 
| 2 OR Ly 3 | C 
Whence | | 
Th mA +21 mr B un 
5 = 2—- ,$X into A bins. WG - Sees 3 
. 1— 7 2 18 „2 2 E 
| | " 3 
my K. n m. D I. 1 
— — — , &c, where A, B, C, &c. are 
1— 17. 2. . 2 1—7 . 2. 2 | | : 4 
3 | 4 


the preceeding terms with their ſigns, without the quantities z, 2 2, 
"7 


* * 2; Kc. 


1 2 4 


Ex AMP IL E XXVIII. 


Let 22+ mz + - 


zz+pz = 1 0 + 5, to find the integral. 


By reducing the equation, T T T Xs = 22 TY XA 


2 X ＋ PZ N 55 and m—P . 2 ＋ Nn: XS = $2+ÞZ: XF3 put m-: 


then dividing by 2, q 5 + — = z+Þ X5z and s = "IT 1; 


= 8” 
+> 
| 33 VS 
Let 5 =vs, then s =vs Tus, and 5 = > =ZX2,, as 
| — 9 . © » 5 4 ] —V N "Y 
| ED > 
: * „ N 
found before; therefore — = 3 Which reduced, gives 


. 
n v 5 
1 + Haun =0, 


_ Aſſume 


—1-v| C2 2Dz—C2* 3E2—4D2: < 


CS aw OE. OY 3 
. 2 2 2 2 3 
—PX1—vV 3 3 $Cx Dx FOR 


2 2 "Is. 


1 2 


And equating the coefficients, qA—1+AZ=0, BJ+Agz+nA—p+ 


pAZ=0, CT BAT A 2—C So, &c. whence A = 


B = — 2+2Z+95 XA—p _ ntmxAP CC _ZA+B 
E VVV! LOH wa. 

D. =. , 98 3 
3 8 q—22 ; 
e OUT > 00 ry = — * + 42. — 2M%Y 89 

= 05 
F 5. T2530 5 2 + 16 2* — 4m F, &c. 
1 42 | 3 


dy n . * 6—— — "Ine N . ” . 98 6; A —_— 22 
OE nt Eg pot gt Bs P 9 . 
F r 2 be wr e 7 A 
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N _ - e 5 
8 —— —— n 
. Mn TIES r 
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4 We — * <p> — „ meg 8 
EE Ce EE ans 
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1 Eo age. © 26k r 
nd ” Y Re . 3 . — > —— * N 
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n 2 A Fo 
FFF Rep Er ane mio ng 


5 "OI 
5 ? 
3 an 


"RY. 
un EATS 


FRETS wer wen os ro an 
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UG EE ENG. ee 


RE ED . . re CIeLE 
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C D E F 


* 


whence 5 & X into AZ ＋ B+ 5 * — * Ss + 
* 2 © +» „ 2 


1 2 3 


G 


—— &c. But this ſeries will fail when any denominator happens to be o. 
2 


4 


After the ſame manner the integrals of more compound quantities, made 
up of s and s, may be found in terms of s and 3; but thea the more 


compounded they are, the more compounded the ſeries wi come out. 


EXAMPLE XXIX. 


Let ms u T p +95 &c. So, to find the integra s, expreſſed by 


4 „ 54. 07-9 , , 5 hes; 
. I Ig 


The integral of the given equation is ms +15 +5 +495 &c. So; but 

MS N u ＋ A, by the notation ; and ps =ps +7 1 OL 7 PX . 

Alſo q5=qgo+95=95 +95 +495 =4s . ＋ 77475 &ec. 
Whence ms | 
+ ns + ns 

+ 7 + ps +25 = 

r bag 3, 


| | n+p +9 &c. X 5 +P+1X5 +4qX 5 Ke. 
Therefer ee ig by 5 


m+1n+p+9 &c. 


"5 + p N +1 9X7 +545 &c. 
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n+2pþ+34q &c. Xs +39 X 


Or thus, 
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s 
3 


PS = ps + 2p + Ps 


95 = 95 + 395 + 394 


ns = ns + us 


&c. 


By Prop. II. ms = ms 
Whence & 
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A Table of In crements and their Integrals: 
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PROP. XIV. 
To correct any integral found by the foregoing rules. 


| W HEN an integral has been obtained by any of the former me- 
thods, it is very often imperfect, till it be corrected by the fol- 
lowing | | 


RL k. 


1. Inſtead of each ſeveral variable quantity in the integral, ſubſtitute 

* ſuch a determinate value thereof, as it is known to have in ſome parti- 

cular caſe ; then ſubtract each ſide of the reſulting equation from the 

correſpondent fide of the integral; and the remaining equation is the 
correct integral required. e 


2. Or add ſome conſtant quantity to one ſide of the equation; which 
may afterwards be determined, by ſubſtituting the ſeveral values of the 
variable quantities, for any particular known caſe. | 


3. Any particular part of the integral may alſo be found, by ſubſtitu- 
ting the value of the variable quantity, in two ſeveral known caſes; for 
then the difference of the equations gives the correſponding part of the 
integral, 1 1 fn 


EXAMPLE I. 


& * 
1 


In the equation v = —, Let „ o, when vg o, then 
gs | 


x x r x 


* 
= 


N N —1 h ; 2 
v 0 —0, that is v = ——» as at firſt; and therefore it 


needs no correction. 


Ex AM p l. E II. 


X x * 
In the equation vv = —— . Let v be = o, when #=4, x 
„ 
f ; 4:2 
being =1, the equation becomes 1 * 0 = 435 = 4+ 


FW" 
Then 
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„ * » 
Then JU U = — 
I 2.3 
Subſtr. "oe PO IP © 
* * * | 
Whence v v = —— — 4 ; 
2.3 


Ex AM pP L E III. 


A 
, 1 4 | 7 IG 
Let 2 = —-— , and let x = 2, when 2 = 1, and x=1, con- 
| . . . | « oo .6 
ſtant ; by ſubſtitution the equation becomes 1 = 3:49) = 30. 
| e 12 | 
* * 
1 80 4 
. 
12 
I, . © * 30 
* * * K RNA 
5 3 5 . 
then z—1 = — — 30, or 3 = — — 29g, the correct 
I2 12 
integral. 
Or thus, 
X Xxx 
| . | | 
Let'z = — + A. Now when z =I, and x=2, we have 
5.6 ; 
1 LE + A, and A = 1 — 30 = — 29; whence 
& XXX 
as 3 4 
X A — — 29, 
12 9 


ExamryeLE IV. 


Let 2 = 2x, and when x=1, let $=3, X=1, then 2x . Then 


72348 
I «2 5 
2—3 = 2 *—-2, 
or S3=2x+1, the correct integral. 
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Ex AMP IL 2 V. 


7 6 
Synpoſe s = a = n, YZ = 2. 
pe . whore + 


And let s be = p and 4, whenz = 10 and 100 reſpectively; then 


= + 2 6 . or dÞ—9 = 
Fre” F — 180 . 
8 5 
100 850 

FNF 


To reſolve a problem by the Methed of Increments, 


I. V HEN there is propoſed a ſeries of quantities, whoſe conſtruc- 

'Y tion and progreſſion is known, and their relation to one ano- 
ther given; and when the differences, that is, the increments of the ſe- 
veral variable quantities concerned therein, can be computed and expreſ- 
ſed by equations; and it is required from theſe increments to find the 
quantities themſelves; then, this is a problem belonging to the Melbed 
of [ucrements. | 55 


2. In order to reſolve a problem of this kind; let all the quantities 
be denoted by proper ſymbols, making a proper diſtinction between thoſe 
that are conſtant and thoſe that are variable; taking care to aſſume one 
variable quantity that increaſes uniformly; and then the other variable 
quantities and their various relations among one another, are to be ex- 

reſſed by certain equations drawn from the nature of the problem; and 


at laſt all of them expreſſed in terms of the quantity that increaſes uni- 


formly. For which purpoſe 


3. When there are not equations enough, it will be neceſſary to take 
the increments of ſome of the equations, by Prop. XI; and by that means 
the quantities may be compared together, and other equations derived 


* 


therefrom. 


4. Sometimes we mult take ſome preceeding or ſucceſſive value of an 
equation, according to Prop. X. from whence ſome new equation among 
the variable quantities may be deduced, 3 


5. When 
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5. When quantities are not in a proper form; they may be tranſ— 


formed into others that are ſo, by Prop. XII. and then the required 
operations may be duly performed. 


6. Sometimes a ſingle number happens to appear in a differential 
equation, which muſt be put out, and the uniform increment put in 


its ſtead. 


7. Such quantities as are ſuperfluous and uſeleſs are to be extermi- 
nated, till you come to an equation between the increment of the quan- 


tity fought, and ſome quantity made up of the uniformly increaſing 
quantity, or its increments, 


8. Laftly, the integral muſt be found by Prop. XIII. and corrected 
by Prop. XIV. and your work is done. 


But the practice of theſe rules will be better known and explained by 
the following problems, than can be done by many words. 


PROBLEM I. 


To find the unciæ or coefficients for the binomial theorem. 


11 —1 —2 


Suppoſe 2 TR — a” + 78 X + 5 a ** + ts” * * + 
va *. &. multiply by a+x, and we have 


——— mn+l m +1 m 2 | M—z | M—7 
a+ Xx > a 7a Xx + 54 . Ds 


* &c. 
7 — —3 
+ I a x+7r4a * ＋ 5a e % * &c. 
And by the notation the next fuperior power is alſo, 


m m m—1 2 mM | m—4 


+57 =s” + ra x % ** 1% x3, + vs 1 Kc. 


Then comparing the homologous terms, m=m+1, ad nm or m l. 
ö 1 
Therefore n — Sm, M—2 =. , 5 M2 &c. Alſo r=r+1, 


Ar, i=t+s5, v=v-þt, &c. that is, Tr or r=1=m, and r=, 
1 1 ; I 


g 1 * . 
m in 
| % | —1 6 $ 1 | 
and 5—s or Sr m, and 5 = in uae Likewiſe -., or /=s = 
1 a - . 
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m me n in in mn m mM 

21 > el * 
——, and 7 = . Allo - or v T — „ and 

* 1 o | 2.5 
mM 7 1 71 — _ 8 rake 
9 , &c. Hence therefore TX =84 + #T 
72. —1 me : 0. —1.77—2 _—— N. 32 — 1. 532 — 2 777— 
. . + 1 1 2 
1.2 1.2.3 | 1.2.3.4 
mM—4 &c, | 


And therefore if #2 be an affirmative integer the ſeries will terminate. 


COROLLARY. 


Hence Ges - =a + A + —.— * - B + ce 0 
a Xp a 


+4 8 . . x — E &c. where A, B, C, &c. are 


a | 
the foregoing terms with their ſigns. 


SCHOLIU u. 


Although m is here =1, yet m may be any number whatever, whe- 


ther affirmative, negative, whole or fractional z and therefore the theorem 
is univerſal. ' 


Otherwiſe, 


Fd F144 N¹ 
ö N * YA * „ La * 
Suppole a = + WY — ＋ 


+ 
a 4x , 5 | 
a AN * + 4,3. 


7 ; 
Va * , . | 
Ra &c. to find the coefficients r, 5, t, &c. expreſſed by n. Mul- 


—— — 


42 48 
tipiy both ſides by a, and we have 


1 Þ+1 -I 1 
* · f 1 ＋ 1 #43 - x 92 xx to x 

0 nx | ORE 

4 4 a bx 

| Pt | 777 ; 

Wl A XX 4a X 
—— G x * ———— . —— . a Exe. 

| a+ x 2 

| GX 
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But becauſe the terms here are not homologous ; multiply 4 x + 


7 mM 

a xx 

a -\-% 
terms as are not ſtill homologous with the reſt, muſt be again multi- 


by a+x, and then divide each term by &; and ſuch 


pied by a, and then divided by a+x, and fo on; till at length 
the ſeries will be reduced to the following form. 


| m+l f m1 
—mFI „74 * 4 vx f a x3 
4px. 8 + ＋ — — * &. 
b aN 5 a IONS. 
| - x 2 ＋ x 
1 . m+1 m +1 ; 
. SA x 
G--x —— ee ee __ _ DIY &c. 
a -N 2 x | 
Ped ts tin 
x 
+ —,. + ci &c. 
a+x# a+ x? 
7 tbe 
= 1 
a+ N 
And this, by the notation is 
. „ ga xx 1a 3 
4X = :4 — — . 2 : 
| | 3 + ene + 8 &c 
a N a ＋ & 


Then equating the reſpective quantities, m=m-þ1, or nm in 1, 
| IM 1 . 


r=7-+1, and t or rg Im, therefore r=m. After the ſame man- 
2 Os 


7% N 


ner ſ—s or 5=7+1=m+mn=n, and the integral, 5 = _ . Likewiſe 
I * . I g 


n u mm mn in 
{—f of T TTI I TS - *z and the integral 7 = 5 : 
1 „ . 1 4 
Hs m m m 
Again v—v or v = TS TT TI TI * 2; and the integral 
— 1 . . 1 . 
83 —— &c. whence the ſeries is 


2.3-4 
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= . 
= 
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bh 
i B 
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ne. 
= - 
1% 
1 
FH 


Can. 


5 e : k þ-4 £ 
Pg STS * 


22 — wa 
n 8 
2 5. 


* 
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. ͤ a tn ea th” 8 
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— FE 
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2 - + * . * 8 2 #7 * — 
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3 + 8 I "e T2 ID X Ph Ae = FI + a 
2 ＋ : Men! ds mul 
m- X A m2 2 . 4 m +3 in. 
* " a +x 7 T 3 + a + x FT 4 a+* 


Therefore if m be any negative integer, the ſeries will terminate. 


PR O B. II. 


If the infinilonomial 1 +By+Cy* &c. is to be raiſed to the mi power 3 
to find the coefficients of the terms, == 


Suppoſe 1+By+G*+Dy3 +E55 &c.]" 
= 1+r7By+B*),, + B ) + a Be 
+1C (/ + BCS + 8 BC 
+xDY + y CC. 
+ 9 BD 
+1E 


„* Ke. 


Multiply this bß 
_ 1+By +Cy* T DNT E &c. 
And we ſhall have 
TD EDD Hl 
_ 1 +7By + sBY . + 2 B 


CJ +wBCCy 
+ x D 


+ By + 7B * +: £7 


+Cy* + BC 
. + Dy3 
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= by the notation to 
1 +7 By + 5B: + 4B 7 + 2 B. 
{4 BY [57 ＋ BC („ + BC 
＋ * 


= 1 +By +Cy* + Dy, 


Here mm 1, and nm or m=1, And comparing the homologous 
| . 1 ; | 


terms, 


r Tt, and or 7 =1=m, and: r=. 
1 i 1 


m m 

In like manner 5—s or 5=r=m, and s = — 

T | . 2 

Alſo t—t or =I m, and t= m. 
1 . OW. 

mm. m mM 

— 1 1 


Alſo 4—4 or 4=s = 5 and 4 = 
1 o 


Alſo w—w or W = r == an, and w= 


Likewiſe x—x or x=1=m, and x=m. 
OY : b 

mmm m m mn m 
ö 1 2 3 


2 


Again «— or * = # = 5 
| t : 2.3 2.3.4 

m un 3 n m . mn mh 

x I . 


And 8 =w+s = m m + — 


m m 
e 3 


Allo d r +x = 2m, and e = m 1. 
—1 


And = 1 ='m, aid n. 


&c. 


Whence 


a e IE IE ES SR 3 


ge” — 2 „„ 0 —— & — - — fy o 
. ö N 2 2 — © * 
2 * md "= + Ka. s a $5.46» £45. — — 22 " 


3 — 2 * 85 —— 6 * ES * 2 — 
n : | 2 


— 


e 


. 
eV: n 


- EL 


C77 


20 


e ee 


D 
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Whence 1+ By +Cy* + Dy Sc.“ 


I + mBy + m 2 B * + 1. 2. B. 


+ mC TM. 1—1 BC by 
+ D 

+ on 3 1 

2 3 4 | 

+» #1: Fc 

| 3 y+ &c. 

+ m. : CC [ 
h + m. m—1 BD 
+ mE ) 

Pros. III. 


F a ſeries of quantities be given; to find a general ſeries for the value of any 


term, expreſſed by the firſt of the firſt, ſecond, third, &c. differences of 
theſe terms. 


Series "RET, 5 5 


1 diff. a b 6 4 e 

4 diff e 6 

3 diff 3 

4 diff, ng 
Fo 


Theſe differences are found. oy ſubtracting each term from the fol- 
lowing one. 


Here S 

And b wi +a+0 = 2 222 

Alſo dete = a+2a+a + „ and for the ſame reaſon chat 
c=a+24+4 , wil Se Lege, and therefore dg aT 3a T, and 


ſo of others. | | 


Therefore 


INCREMENTS, 81 
- Therefore let the #% term be expreſſed N general by the ſeries 
a+ Ag ＋ B42 ＋T C4 + D 4 a &c. then the 11“ term will be 


„A +Bo +Co +De 


+ # ＋ 4A + Ba + Ca &c. And this by the 


notation is 


equal to, a + Ag +B2+Ccs * Do &c. 
Here a=a, AZA+1, B= B+A, C= CAB, &c. that is, -A or 


A=ZISS and Aru, which needs no correction; alſo B ha and 


* * u n | 5 * 3 
B = — And C = Bj 2 and C = dees — And D = C 
FX . „n n u 


—  , Whence D = — &c. 
2.3 ee 


Therefore the term of the ſeries is, 


n. 11 . 1—1 . 2 N. 1. —1 12 . 23 
a ＋ + a + + s 4 T9: 2 
as | 2.3 5 2. 1 


&c. = „ + P a + — Cs a 85 R 4 &c. where 


P, Q, R, 8, are the 8 coefficients; and a, a, a Kc. the 


firſt of the ſeveral differences, 


PR O B. IV. 


7 


To find any horizontal line or row of Paſcalius's arithmetical triangle: 


EI I 1 &c. Dn 


Mm > OS m 
hand 
O 


The conſtruction of this triangle is thus: To any number in the given 
row, add that above it, the ſum is the next number in the ſame row. 


Y En, Therefore 
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Therefore put 1 l, . b, e, d, &c. for the numbers in 3 # row, and 
968 in the abr. row will be I, 4, “, c, d, &c. Thus in general, 


1 1 * 1 


1 Te A OO IG DS Wor 
OE 
3 1 2-0 1017 28 
V 
%% 
&c. 


Here »=1, and by the conſtruction, 1 Ta g; a+b=b; b+c=c; 


c+d=4d; &c. whence a- = in, or a n, and a=n, Alſo b—b or 


; yu n | 5 ann 
 b$=a=n; and b= . Alſo err „ and c=——. And 
3 8 2 1 3 2.3 
N n n nn unn 
d=c= | RW * and 4— n LORE, 3 &c, 
. I « a 2. 4 


Whence the , row 1s, 


=1+1+- —_— r EDS ET en 


— — x —— 


2 3 | © 3-4 
=1 41+ A 7 5 RB a- =C + _ D. Sec. 
PR OB. V. 


To find a general ſeries expreſſing the figurate numbers of any order, 


Figurate or poligonal numbers are ſeveral ranks of numbers, beginning 
from a ſeries of units. And any term or number in any rank is found, 
by adding together all the numbers in the preceeding rank, to that place, 


or by adding that on the left-hand to that above it. 


)%VVVCVCVCVVVV 
JJ. . 
1 10 -18 $1 
„ 4 1 10 3 56 
In general %% ¾ ᷣ ᷣ 
VVV 
&c. 


Let 
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Let the ſeries of POT in the . rank be denoted by 1, a, b, c, 


&c; and in the AI ” rank by 1, a, 5, c, &c. to find a, b, c, &c. 


By the conſtruction of the table, 1 +a=a, and a- or a In, and 
| 1 1 


a=#, the integral. 
| | nn | 
Alſo 1+a+6b=b, or b=14a=a=n, and b=— the integral. 
1 1 


Again 1-+a+b+c=c, and C=1+a+6=b==, and the integral is 


inn 


Likewiſe e and 41 TTT 2 „ 


De n u n n 
the integral is d 8 
2.34 
p nnn nu nn 
Alſo e=1 a+b d=d=2==<*, and e 
* + PET 1 | 2.3.4 | 2.3.4.5 | 
1 . v. 11; and nun = n,un+1.u4+2; and 2 n n — 
| | os. > 


L 
1 2 


n. n+1. 72 Sr „Xe. therefore the numbers of any order (1), 
are "really expreſſed by this ſeries, 


I, N, 1 2 1 , FR. xt. 6 +1 242 n+; 850. 
A „5 5 


Or by this, 


„ % . 35; 2c b, 26 E, &c. 


3 4 


PRO B. 
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PROB. VI, 


Let the following rows or ſeries of quantities be given; whoſe numeral con 
efficients are found by this rule, io the n term of any row, add the 


— 


th 
n—r term of the foregoing row, the ſum is the wh term of the next 
following row. 


I 
= 
MI 
M3 —21 
Mi— 3 mM in ＋ I 
yy m + 3m 
M5 m+ + Om 1, &c. and 


Let n - ＋ 5 —— ew * in ber expreſs any 
row in general. Then by the conſtruction, the next row is 


+1 —1 3 5 
* a a1: Mm _ S +a, ny TI — = mM 77'S &c. 13 
g > 222 | | | No 4. 8 
= mW — 4a n + þ 11 — en &C. 


1 ED ' 1 1 


Then comparing the coefficients, &c. 1 ui, and - or #=1, Al- 
: 4 1 fe 


o 0 — 


- 


fo a=a+1, and a—a or a ===, and a=z, For when 1 = 2, 
pl | "FE 7 | 


u 1 
23 


a = =- 1A. Again, þ—b or þ=a=n; and b= ; for when 


185 n n n mn 1 
5 43 | 5 | 
#=4, l. Again, — or g= =, and ce = — In 

= EE > 
nun un 1 un u u 1 

7 8 8 SS „ | 1 5 
ke manner d = . = , and 4==— , &c. conle- 
. £8 2.3 2. Zo 4 ö | 


quently the ſeries required is, 


| | 4— 6 


n 42 ene ,, Mm OS, 
, Yn 4 . — . — _ — — | | | ' 
＋ — 2 4 3 -b 2 7 m 7 &c. P R O B. 
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FAO. VII. 
Having given the ſine of an arch; to find the ſine of n times the arch, 


Let radius , the ſine of the ſingle arch =s, the coſine Sc; and 
the coſine of twice the arch will be 2c, And by trigonometry, as 
radius : to twice the coſine of an arch :: fn the ſive of n times the 


arch: to the ſum of the ſines of z—1 and z+1 times that arch, from 
hence we get the following ſeries, en 


3 5 

2 TX EF 

3 ä 

4 | cX45— 8 8 

5 G55 20 . ＋ 16 55 

6 c * 65 — 32 5 + 32 55 

7 75 — 56 83 + 112 55 — 64 67 

8 cX85 — 8083 + 192 $5 — 128 „ 
&c. | 


It is evident, all the even fines are affected with c, and all the odd 
ones (ariſing from the multiplication of 1—ss inſtead of cc), conſiſt only 


of the powers of 5s. Hence there are two caſes for the odd and the even 
numbers, 


CASE Þ 


To find the fine of 1, 3, 5, 7, &c. times the arch A. By the prin- 
ciples of trigonometry, if 3 arches are in arithmetic progreſſion, twice 
the ſine of the mean arch x coſine of the common difference, is ſum 
of the ſines of the extreams. Here the common difference is 2A, whoſe 
coſine is 1—25ss, Therefore let the ſine of the , arch be 


ns — 48 _+ „ was. t + d 59 &c. twice this ſine 


is 2 15 — 2 425 ＋ 2558 — 2 c % J 2 450 &c. 
mult. by 1—25s 


2 ½5 — 2 45 ＋ 255 — 2c +2459 
— 4 ＋ 425 — 4 ＋ 4050 
treams = 1 4 5 + 65 — 47 + d 80 
1 £3 I « 


1 — ſum of the ex- 


+ u — 42 + bs — „ + 455 Kc. 
1 ak _ 


2 | Here 


£ 1 — 4 « - G by 
— — — PR 
— 2 * — — - - - — : | 
1 n, r — = - 
. eee 1 2 ˙!1 = . * * 
24 3 2 — 9 8 _ WS — 
2 5 A * . 3 7 * — 
— 2 2 _ —— — - % 3 * = h 
15 ws r - =» _ 
4 F > * 0 * a 6 id k l . = 
N. _ 3 — «ck AAA 4 — — — „ W * 
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Here #=2, and equating the coefficients, 2y=1+1=2n, 20 LA τ 


1 1 21 


and taking the next ſucceeding values 24+41=a+a, that is, 24 ＋ 24 ＋ An 
| I I — 0 I 


4nn 
—=2-+2a+a+a, and a=4n; and the integral is a= +1=m+r,. 
3 E hs 


5 nnn 


for when 11, a=4. And the integral taken agan 15 4 = moe oe 


3 


7 
— for when 13, 424. 
7 


: Again 2b+4a=b+96, and 2b4-4a=b+8, that is 26+2b+4a=b+ 


4nnn 1 „ 
26+b+6, or CS Ir + 1 , and the integ oral 737 77 1 - + 
41% +1 12 . 3 4 nn 
— = „ 
IT — 7 for when 2=3, b=16, and 9 = — 77 ED + - 8 


„ for when 1g, 5 216. &c. 
Or thus, to avoid theſe compound Tanne ſince we have 
5 =#1n-+1 =1X#+1 +1 un + 21 +I = +1. » put m=z2+1, 


then m g =2, and a =mm =mm + mm, and the integral 


mmm mm | 
488 = bs 5 ; which is correct; for when 1, m=6, and 
a 
4 mmm 5 
Again, 5 44 = 9 + 2 m m, and the integral þ = 
4m..m 2 1 mn m 4m..m 2 m 
: _ 1 3 1 3 1 —2 1 
Te + — correct; and 5 276 u, + LT 
M . 4 N „ 5 98 
2 es , correct. 
2.3.4˙5 2.3.4 


Likewiſe 
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4M...M 4 m. . 1 4 . . in 
þ — „ 
a 2.3.4.5 22 1 ns 2.0m 
4 m. . m m. . m. . in 


2 * | „ 2 PR z 


„ and c = POP <3 correct. 


Likewiſe c = 4 


J m. in 


Ta + E and d = N + 


4 


And 4=4c, and d = 


"WH — 5 5 — i 7 q 
FE Fe Fong =, TY K I : K ET | 10 ͤ es ue bon 2,29, — + N 
8 . 8 E 2 WM Fan _ 2 = 5 IX. S GE, Eb” * — 
r 4 < e 3 ; 22 
e 7 & SE. : . 
* — * oy a no Dr, 


n. V 
— + 3 


Pr i 
— a 


3 
LAS 
— = — -_ 

SE 


— 
— 


n — 1 2 8 1 WI” q 
_ * * — — : 
Ts g 2 7" _ — — . —— — ah. - 
FEE = Pa, q 1 "= „ e — 1 
7 2 E 1 A — — * — — PR, — — 
” g 2 — * * * + xt — Py 7 . I - 
— 1 > = 2 SIN as, 1 . red $a I Ln — #4 1 = o l - l a 
9 3 Ss — 5 hays CES - LN” 4 5 - 
S - q 8 q — L 5 5 N — n - 
—— . — i "= - „ 070. 4 „ — r a: —_—_ \ - _ > 
= - - — = 2 B 2 - — * — F 8 2 ad ” = — 4 
* — * 2 222 2 : 4 = - = 
N PR - * * * — 5 w_y 1 - — N 3 N 4 by 
* af* — 1 8 = 


5. 4; correct: &c. Whence 


5 D = 
— * We 
as! — EV. 2 


b 

Y 
Q 
Q 


+3 x — > =3*5 x 


at 
: — + 
3 
* 
B 
£4 
IF, 
/ 4 . 
22 | - 
> 5 
% x * 
A K 
1900 
1 
oy” 
$3 


d = Fx EK. IG 5 Fo 
75 gan) OE NPE METe NF 
=mn+9g &c. and m, m, m &c. = n—1, u—3, #—5 &, Alſo 


1 2 2 


n, m, m, &c. = n+1, n+3, #+5 &, Whence 


24, g i l. 243, b. . 
2 3 2 3 4 5 2 3 


e &c. Hence when x is an odd number the ſine 


— 


—————— 


* Ul 4 un—1 o un 71. N Hens THU — . HH—1 F 
4H C : oat 
2.3 E 2.5 2 2 * 7 - 
n. un—1 . un 1 — 4 NN — | 
* c 2 — 49 59 Kc. 


22 9 


CASE IL 
To find the fine of 2, 4, 6, 8, &c. times the arch A. 
Let the fine of the u arch be 
CXns—as ＋ 5s Ten 448 &c, 
Then preceeding in all reſpects as before till we get a An, whe the 


integral 
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417 £ 
integral which is @ = 8 * = 4 1, Which is correct, for when #=2, 
; r 0 1 


nk ¹ NN 


1 1 1 1 


— corre 
27 Ct, for 


a=8. And taking the integral again a = 


When wat. 8259; 
4 un n 
Again, we ſhall find as before Y =4 = * and the integral 


4 u un u n n 31 
„ 2 2 


« + 
[| 

| 

4 
5 
— 
Q 
. 
[| 
[| 


| „ correct. 
2.3.45 2.3.45 11 2.3.45 


Again, 24. = 5 „ And e „ and 2 wh 
| *0 I 2 | | 2.7 NA 


n. n 
—3 3 


„correct. 5 
427 e e 
4 * . 0 A 4 A . * A 4 N . 0 7 
> 4 . | ad 4 
Alls- 4=4c = — , and d = — „ and d = ——— 
o „„ E 2. 8 | 2. 9n u 


— 


= nmm—4 1 M4106 n un— 4. un—16.n—36 5 
2:2 | 2.3 4.5 HIS 5 1 © © © 7 
77S EE af a6 | 
＋ 7 n. un 16 un . 36. un EST SY 
2 T7. 9 


Pros. VIII. 
The cofine of an arch A being given ; to find the coſine of un times that 
| arch, a 
Let x = coſine, rad i. Then by trigonometry, as rad: twice 
the coſine: : coſ. „A: col. 2—1. A + coſ. I. A. 


Hence we have the following ſeries of coſines. 
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1 1 

* 
—1 +2xx 

1 —8xx -+8x+ 

5x —20x3 +16x5 

—1 +I8xx—4bx* + 325 

-, —I12%* + 64x” 


| 1 —32x*+160x%—2 5x + 1285 
&c. 


O OG = OI + 


It is plain, all the even coſines begin with '1, and all the odd ones 
with z, and hence ariſe two caſes of this problem, for the odd and even 
numbers. And both caſes will be ſolved by help of this theorem of 


trigonometry: It 3 arches be in arithmetic progreſſion, the coſ. mean 


arch X twice the coſ. common difference = ſum of the coſines of the 
extreams. And the col. common difference = = 2xx —I, Therefore 


in 
As E 1. For the odd numbers. 


Let coſ. „A n * —ax3 + b x5 — c + dx &. 
mult. by —2 + 4xx 


—n + 2a — 2bxs + 20xi—24x9 . 
＋ 4 — ow” Türen 


— * + a x3 — + £87 — dxs- 
Sum of > = — = 5 bas 


treams —x +a —bs + £87 ds MC: 


Now equating the coefficients, 20 S +1=20. Alſo 20 +41 = 4e, 


o 


or taking the next ſucceeding values, 2 Lau E. that 18, 24 ＋ 244 


| . 4 u n | | 
4n=2a+2a+a, and a=4n, and a = 3 = un, becauſe n=2, and 
8 | SM Yo 5 1 | . . , 


corrected a=nn+1, for when i, = 4. Put m=n+1, then 
bY | 


m m m in in 
i „ 1 
a mm = mm mm, and a = = + pm correct. 
o SIGH Þ . ; 


Aa | Again, 
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Again, 25+44=b+6, whence 5 44; likewiſe c = 453; & c. All 


which equations being the ſame as in Caſe I. of the laſt Problem, give 
the ſame values of a, 6, c, &c. and conſequently the ſeries will be the 
ſame, that is, when is an odd number; the cof. A will be + or 
— this ſeries, 3 


— 


9 


m— | u nn 1. un- 9 un 3 
In — . 7— . Re 77 2—1 * — 0. IEA 
* 4 . In-. un 25 77 


2.3 . | 2 27 . 


71x — 


+ &c. 
CASE IL When u is an even number, 
Let cof. nA be = 1— 4x. 48 * ＋ ds &c. 


Proceeding the ſame way as in Caſe I, you will have the ſame equa- 


tions for a, 5, c, d, &c. as before, and firſt a = 4, and a 2, 


„ 
and corrected a=2n+2, for when n 2, a=6, 8 
IL 2 1 2» D 1 * 
And a = —— + 5.5. + 2, correct. 
4nn | 4 un ann ann 
| 3— * 8 n.. þ — = | | Li — — I - 
Then 4 46 2 T4 » And / 2,31 PT. 21 2 TAKE 
nm n n n n u n u nn n n n n 
aud = — „FFF =, correct. 
3:4 * * 37 „ 7 Y * 2.3 r 5 
J)) 8 
Again c = 4 b=— I 0 e 
| 8 5 + 1 2.3. 4 Ne 2.3 : . 2. . 5. 5 2. 4 2 
4 4n..n #.. 4 n. . 1 
* 2 RE OP 2 —3 2 = 2 | 
and c = 2. 0% r + Rag,” correct. 
42 41. . 4A. „ 4 *. . n 
: ad — 1 3 3 3 8 2 3 
Alſo d = _ —— hd 4 0 
bo 1 2.6 * 33 3 ow = Ro JB. T „ and 
PT OR 4 RH A. „ 2 2. „ / | ; Y 
Fa ot DN _ on JT no” A Om _ 
= a © ET = ne} ag eee, e. 
But 


IN E R E MEN T 8. 91 
De 7 
| "OE 1—2 +2 == 
But a S 1 = T "55 "Es 
þ = E=IEs „x 1—2 . . +2 . 
4 8 2.3.4 
— pang X —4. 12. 42 a n+4 = 


nn. un— 4 mL. and 4 = .. m—16 . 25 


— 


a 3 | 2... i by 8 


And therefore when x is an even number, the coline of the un arch 
will be = + or — this ſeries, 


3 . un = . + 
9 | 2.3.4 2 6 
= 11. MM —4. mm —10 .n n—30 _ * 
. ; 
P ROB, IX. 
The verſed oY of an arch being given, to find the verſed ſine EN n times 
the arch. 


Let rad. =1, v= verſed ſine of the arch A. By trigonometry; if 
3 arches are in arithmetic progreſſion the coſ. mean arch x coſ. com- 
mon difference = half the ſum of the coſines of the extream arches , 
and 1—v is the coſine of the common difference; for coſine = 1— 


Q, 
Therefore 1— X 1 — verl. "A = 1—verſ.1—1.A+ 1—verſ n-+1. A 
2 7 


which reduced is 2 +2—2v Xx verſ. A r verſ. i. A4 verſ. TI. A. 
Hence we have the following ſeries of verſed ſines, 


FE 
4 — 2 v 

9 - 12 N + 4 

164 — 40 uu + 32 V3 — 8 2 

25 Y —100DV + 140 * — 80 v4 + 1605 ; 

36 v —210vV.V + 448 V3 —432 V4 +192 v — 32 v 
F = 


mn +> 0 9 


> 3 : _ = S 7.5 » — 
_ CT FS, 2 « 
S 


In 


N . 
i 
5 


- 
4 ” 
_ 
AT 1 
1 1 4 
1 1 
J. { 
14. | 
þ = f 
4 | 
1 
f i 
| | 13% 
» 3; 7 
n 
"IL * 
| 4 ' 
— 1 1 * 
+. bu 
m! 
by AY 
s 
7} +0 
. 17 
1 
in 
7 
5 BY 
"$51 4 
0 
* 
5-22 
, 5 
1. 3 
"7 
e 
1 A” wt 
A F 
4 FE 
i. 74 
8 
, 3 5 7 
& Sd. [ 
» $438 
* LE - 4 3 
1 
| 7 8 
. e 
17 $ 
©. | 
* 
** 5 
+8 17 
5 4 
10 


: 
F 
5 * 
4 
a 
* 
» 
IT) 
; 
4! 
q1 
[1 
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In general let the verſ. of A be 


y 


av —byY þ cv) — du + ev — 7 "&. 
mult. 2—2 | 


3 


2 40 — 20 V*— 2 0 U — 2404 + 26 27 kee. 
| FFF 
2 
1 


£2 EO. ak 


4: av—bv REIT +0 <P &c. 


the ſum of the extreams. Then equating the coefficients, 2a +2 Sa Ja, 


1 


and taking the ſucceeding values, 24+2 =a-+a, and 24 ＋ 24 ＋2 244 
1 2 ' 0 


24 Ta, or ag aun, becauſe »=1. And the int. ag ni, for 


2 * N 


88 


—1 N 
when u=1, @=3z and the int. 2 = 3 » rn, correct. 


* 26+20=b+0, or 22 2685 that is, 2b 2% 204 


2 1 u n 3 


25 +5, and 5 24 nn n, and b = + —, correct; and 


2 * * 2 * u u TE, 3 
4.25 om 7ðͥĩͥſ T ̃ ͤ «cre. 
3.4 2:7 „ * . | 
| 42 2 1 n n . 
Likewiſe c = 253 = —— + — and. « = — g + 
| ” 8 2.3 | > 2.3.5 
212 ,x EY Fe #2 13 * 1 325 * 
| 5 2 r 2 2 = EY 2 —4 2 
—; ande —> + —— = — + — 
— 2” 2:3:5.6:- "3.4.5 . 
correct. e | 
Likewiſe d ='2c, e = 24d, F e; &. whence i 
8 . | „ 3 
4 2 — 70 Fu I 3 3 BE 98 = Þ ; + + 4 . 
2 3.5˙ 5.7 3-4-5-0.7-9-5 3-5-0.7-4-9 
c. | | 


But 
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But a g + = u. 


12 me 
Sn « N MH New-T : 
/ b 2 — 9 s | 1 7 — RD . 
2.3 % apes 1 e 4M 2.3 | | 
1 3 a 
3 8 x Mo © ac nN. un— 1. M—4 
e A 
* e eee 1 n—4 un 6 
3458.7 | 
& Cc. 


Whence the verſ. 2A = 


1 Py — = 2 — 1 fs v — 
a 3*0 47 | 5:9 


r . . R, &c. being the foregoing terms. 


6.11 
3 


PN OB. X. 
The cord of an arch A being given; to find the cord of nA. 
Let rad. =1, cord of A=x, and C = cord of the ſupplement. Then 


by trigonometry, 1: C:: cord. A: cord 2-1. A I cor. TI. A. 
Therefore any cord by C, and the foregoing ſubtracted, gives the next 

following cord; obſerving, inſtead of CC to multiply by —xx +4, its 
equal, and from hence is had the following ſeries of cords. 


S 
— * + 3 * 
CX - + 2x 
& — 5X. + 5X 
C Xx — 48 + 3x 
=— NT. + 7.45 — 14 x3 +.7x 
C Xx - +6 — 10 + 4s 
Ke. . 


Hence all the even cords only are affected with C, which makes two 
caſes for the odd and even cords. And by trigonometry; if 3 arches 
are in arithmetic progreſſion, the cord of the mean arch x cord of the 
ſup. of the common difference = radius x half the ſum of the cords 
of the extream arches, And in the even, as well as in the odd arches, the 
| 2 > common 


Oo Gn > @. Dm 


- 
2 
[1 
3 
: 
"1 ; 
: 
4 
TE 
* 
* 
*.4 
* 
1) 
: 
© 
Ar * 
10 þ 
13 
"Jn 
* 
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1 '1 
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1 4: * 
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4 * 
ini 
1 
© 
v 
ak K 
N 
. 
15 
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> Tu4's " 
eiae 
1 
„ 
4 
ITY 
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1 
bY oh. 
1. 
1 
1 
* i 
1 
"43". 3h 
Af 
C * 
x 4 


— 2 
— = 4 * ” 
2 >; BEL” 4 a is 3 = 2 
8 "4 4 2 
N cer Or." 
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{1 
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common difference is 2 A; and the cord of its ſupplement 3 
V 4 —CCxx =2—X* | 


2 ASE Il. For odd arches, 


For tlie cord of the . arch, aſſume 


— 


a : . 2—6 | AP 5 
5 „ & c. 
mul by — 2 


2 —2 1 — 
* . ＋ en 5 


＋ 2 * 5 4+. adv? 


— 
— 


— . 


un 2 2 1—2 4 
— * + ax —bx. + cx 
| , . = „ 2 


&c. ſum of the e: ex- 


8 1— 2 14 
. ＋ ax treams. 
| | — © | 
And comparing the coefficients, a=4a+2, and 2 —4 or a=2=7, and 
| "3008 : L _ 1 = 4 
a n, correct. 
| | 2 1 n 
„ 1 N | 1 | 7 
Again, b+1=b+2a, and b=24—1 =2n—1, and þ = —— — — 
1 | . | 2 NX A 
1 2 
RT. correct. 
Again, 4 ＋4 c＋25, and (c—c= ) i- i -· u- nan; 5 
x „ bf bt 
nun 21 . u n 
a hd: 2 2 NA | 5 FS ho | „ ; 
3” 5 2.3 * | 
In like manner, d420=d+6, or 4 =20—b, and = 2d—C; and 


: | n 1 u 351 Be 
zd; &c. whence 42 — eee i; wd . 


2 2 
„„ M 12x#3% Jon I Debs: 
i „ 21 ; —3 
ld = =— ——ů— + — 2. Alſo e — — 
3-4 # T 2.36. f 2:2 * N 4 | 
2 % ne e fs 13 un 
. Ht 133 —4 Pa * 
— "af —121-+14; and e- „„ 
g 4 IF Sc 4.8. % 34 2.3.4 
— 3 uu TY. Xe. | | 
1 


But 
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&c. 
And the cord of »A will. = + or — this ſeries, 


„ = ai — 2 — Nn —6 | 
1 Sx . 3 4 „ 4 . 71 5 7 &c. when 


(© —— —__—_— 


2 1s odd. 


CASE IT. When u is even. 
Let the cord of the »# arch be 


Cx was ZI cs? &c This multiplied by 
— xx +2, gives the ſame general equation as before; whence compar- 
ing the coefficients, we have the ſame equations for a, b, c, &c. as in 
Caſe I, viz. a=n, b=2a—1, c=2b—a, dg ac, &c. And finding 


the integrals, an, for when »=4, 4 or 12. 
1 ; 1 


23% | e 3 * 
A "RG 3 | d 3 —2 1 8 2 —2 —3 + ==> 
g 7 ” gd 3 AN 2. > oy + | OV” 2 TI; 2 
V 
Alſo 1 —2 , an C0 => — + — 
nals | 2.3 oY 2 8 
$3 #5 #'s 4&8 
And d- + - + — , and 
; 3 2 
n. 56 un un um n 1 
2 + — + : D Co . 
2.3.4 344 ON 2.4 
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n n 3 n TIDY 3 
— —— XI _ 43 
= + — = — — — 
2 2 2 2 
. . 
32 VU M5 . 1n—6 
2.3 en e „ Tg 
4 — 3 5 . 6 0 e þ . —8 1 . &c. 8 
2.3.4 : 


Hence, when u is an even number, the cord of the arch nA, wul be 
+ or — this ſeries,” 


C ** —#—2 . = eee eee ogy PS W—4 - 15 —5 n—7 
. 1 5 5 2. 3 

4: —5 1-6. — 18 „9 PR 

| 2. 3+. 


PR OB. XI. 
20 find the 3 conſtruction of any row in Table I, Prop. XII. 


pt % 5 &, &c. for the numbers in the uh row, ch 


Row REC HE 1 lo breed 11 1e. 
% 8 
% %%% d no 
nin | e c d 


By the conſtruction o Trg, 227 Lig, 11 Kere, nc dd, 


&e: Therefore a=0, 2 a, cn 1 9 n 65 erk d, &c. 


. CS vn. © $3R- a 27 
1 Eb | | u n „„ 
i ' 2h | . 2 __— wn ; : 1 1 2 
| 5 95 4 . 2 - I 1 2 
= # 2 n nnn unn | 
1 x 8 1 2 
* . 2.4 „„ Srena RN, 
4 i o * 9 NA A * © XN | 7¹ 2 ®» 7 
Ef 2—3 5 4 3 
3 / 2.4. 2.3 4+ 
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In like manner, 


e 
—— th 
— * 2 * 


A © 9 9 N Rec 7 T3 Re. lh Ws 72 #1 

e = 2 — — + ? b _ = . 5 4 

8.2 4. 4.0 bo 3 4 3 4 5 5 

of Hangs 4 116 17 + Y 112 . . Han 11105 

| — — 6 | 6 5 1 
7 2.4.6.8. io 2.3.4.0 4-3 5.8 3-4:5 PT | 

&c. | | 
PRroOB, XII. 


To find a general e for any row of Table. II, Prop. XII. 


Let a, B, c, FA e, &c. denote the numbers in the 2 row, then 
Row | 


N EYE > & 0D 
"D RD 8 = my 
hah 


T 
8 # | | 
)) 


1 


| 
Here by the conſtruction of the table, na o a, nb+a=b, nc+b=e, 


nd c , &c. that is, na aa, and nb+a=b+6b, nc+b=c+c, &c. 
whence ; 


„ =; 1 , 5 r. 5 + 4, © = #—1 , &c. but 


the integrals being not to be had this way, we muſt try another method, 


Otherwiſe, 
Let a, 6, c, d, &c. denote the numbers in a contrary order, from right 
to left. 
Row 
i 1 
2 5 
4 I 3 1 f 
4 88 6 1 
5 24 50 35 10 I 
7 3 „e 5 a 
7 | J es a | a 
3 : Here 
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Here, from the conſtruction, 10 Lo na+b=b, Ter, 


10 = 4, &c. Whence a=0, and 41; Ay n+b=b=b+6, and Dx, 
c ub, * 2 Fi &c. Therefore the integrals are as fol- 


0 . 
, 


lows : 
n tu 
þ =. a 
2 
N un 1 nn 2 n N 
JJ 
. "ox 95 5 2 2 T 2 
_ 1 nn 2nnn 
and © = I. ＋ * 
4 u 1 „ 
8 — N+4 m n+ 3 _ 
#00 1 WO * 2.4 * * 2.3 
n. 202 . 1 | 
GE ions 3 5 Nach 
2.4 23-4 * => Net 
es 7¹ 3 N rt ® © N 7¹ 953 ©® YA 
; 3 a % 
d = — — 5 — Tn lik 
d 2:46 1 5 8 *. : a like manner, 
WY SL. I» 3 n. 
. oF 8 „ + 
yp 2.4.0.8 * 4.6 * e * a 
„ . 1 SIS <> IIS. „ 
Fs | —9 8 | — —5 7 5 —5 | 
75 T3 T 2.3.4.0 1 3.4.6.8 * 345 oF 0 » 
&c. 
PR o B. XIII. 


To find any term in the ſeries 1, ta, 3b, 3c, id, ze, &c. where a, b, c, 
&c. are the foregoing terms. 


Let v be any term required; and let æ be the place of the next term 
v; then by conſtruction of the ſeries v = © * ov. Then 'zv or 
1 3 2 1 


| Ce | 
2V+ 2V = 2—1.v, or ZVv+V=0, put z—1=x, then z=x+1, and 
S Y =I. Whence #v+v+9v=0, that is, v+xv=0. 
: a 1 . 


- E 


Aſſume 
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n D &c. 


Then Y = — — 


* * 
Bx 3 
XxX „ 

1 


be, 
8 
ry 


And wv—+ * = 


Whence equating the coefficients, A=o, B—Bx=o, that i is, B-B=o, 
or BB. C2Cx=0, or CS o; D—3Dx=o, and Do, Ker. Whence 
3 

98988 — 
4 Ns 


Now to determine B, we may obſerve, that when z=2, K 1, 


„ and v=1. Whence we have v = £ that is, 
i x 


4 
2 


2 


„ or B=1, Therefore any term at the place z—1 or 


will be — or —— And this is alſo evident from the nature of 
| 2—1 
the ſeries. 


Note, If we had proſecuted the queſtion with 2 1 of bl we 


had got 


vi= + 3s 4: n + 44: ke which is 
7 2 2 2 2 
TO. G G 


4 


the ſame in value as — 5 where a, 8, 7, &c. are the preceeding 
| 2— | | 


germs. 


SCHOLIUM. 


In ſuch queſtions as this, you muſt carefully mind whether 2 de- 
notes the place of v, or 5 &c; fo that your calculation be rightly 


made, which muſt be ſuch as always to agree with the equation defin- 


ing | 


* 


2 —— ORR 
F 
— 


e ee a 
— — 8 — — 32 


3 . OE — I - 

wa S 323 I a ou \ Dr — — - _ f — 22 — Ed 
* LE * 8 Pr. 
2 oo SP ww, +. woke 8 Mo . — — —— > — * * 
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1 
1 
n 
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. 
i 1 
* 
> 
7 
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th 
* 41 
[ 
I _ 
T 
. 
IR + 
V9 
X 
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+1 
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* 
© | 
N 3 
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1 
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Tha. = ; 
4 —— — 
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— 5 — * — 
e IT. Bog 
PLC IE © ks 
er on ST. 
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a* = — 
* r F by A 
.. —ͤ—»— — —p — 
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ing the terms of the given ſeries. And how each term is to be expreſ- 
ſed by z, will be found by trying particular caſes. 


And the ſame caution muſt be obſerved, if you are ſeeking the ſum 
of any ſeries, where Z denotes the place of „ 5 &c. All this is ne- 


ceſſary to prevent miſtakes. ; 


— 


PR OB. XIV. 


To find any term in the ſeries 2, $a, 3 5, c, Pd, ie, &c. where a, 


, c, &c. are the foregoing terms. 


Let t be any term, and ; ⁊ the place _ 5 chen will 2 t=t; 
| 111 ˙ n 
put #y=22—1, then —— . Here if I put 7 A + = + = 


&c. nothing will be obtained, Therefore I ſquare the equation, and 


* * ty 
Txxv, whence 2xv+V—xxV =0: 


— 


5 => t. Put v = 1. Then xx-þ2x+1 + V=xXV=Xxy 
: | | I 


- 


Afume o = Az +B+ © + © + E &c. 


Thin v= As. 93 Dy &c. 


* * 3 
1 2 
5 xCxx 
R * V =XAxx — 2 2 f DEA &c. 
9 | gs 9 | 


2 


„ ebe + 20 + 2 + Ex ge. 


N. * 
af 2 


Theſe being reduced to a proper form, we ſhall have 
2 * + D =- „* v = O 


+ 2 
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+ 2Axx + 2B x + 2C + 22 + 2 + 3 


* | 
DE — 4Ex | 
5 XN * * . i 
+ A. +B += + > + | 
5 * „„ 
1 * 2 5 
C Cx:  $Dx3 = wm 


| ws 
Le LN cn an” >< ha 


2Dx __ 6Dx* 1;Ex: |. 


+. 
; N F * * K. „ & 
1 2 1 
3Ex Fx 
+ EX 4 4F: 
X X . 


I | 3 


Then equating the coefficients, AA, B A, CA, DNA, 
EFA = . 08594 A, F =.1757 A, &c. And therefore 


u .òꝑ . . 86 17 


1 0 3 


Now to find the value of A, compute the 5th term, in the given 
ſeries, which is 4.003493, whoſe ſquare is 16.5x1973, and put z=6, 
and x=11 in the value of v, and we have 16.511973 = A X 11 —£z 
3 1 
8.11 16.11.13 
A = 1. 570796, which is half the circumference of a circle whoſe dia- 
meter is 1. And A being known, the ſquare of any other term may 
be found, by the above ſeries. 5 


& c. = A X 10. 511710; whence 


* PR OB. XV. 


% „ 
To find am term in the ſerits „ 5 9.8 10.70 
A 
34-22 
| | | | Tot | 
Let v be any term, and z the place of v; then will . ru. 
| | | I 22 . 


D d | Put 


, 
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"I 


5 vs 
Put x=22, then r 85 =, which reduced i is 2x00 Lv gro. 
Aſſume v = + — + — + . &c. whence we ſhall find 
. * . | 
2XU——UFAXAXU = _ | 
- 2B 0 2D I : 
2 A + 5 a + FS + = &c. | 
„„ 1 
| Ar Ax A+ _ | 
.— .,. y!? 
2e 4 f = O 
* xx 08 
8 
1 TW | 
De 
; = 
&c. 
Then equating the coefficients A=A; B — * == A; 
C= DES = ahi = = ang = 2.812 A; 
E 19D—$0C-+80B—32A SH 6A; Kc. 
e "= g | ba . 
Whence v = AX + + Z _ + 8 + = — 5 — $2 E 


* | | 
Now to find A, compute the 4 term FTI and pur 2=10,, 
x=20z and you will find .034398 = A X.-054035 3 Whence 
A'= 636619, which is = == 8 ; whence any other term will be 
wag It is evident, when x is * the laſt term of the ſeries will 
8 
Hence any ſum of the ſeries 1, 3, 45, z c, 1 d, &c. may be 
found. For find the correſponding term of the former ſeries, and ex- 
tract its ſquare root, and you have the term required. 


: 1 
4 * 


PR O B. 


*'INOCOREMEN T's. 103 
Pros, XVI. 
Let t be any term of a FIT and ⁊ the Place of any term, as t or 5 and 


ſuppoſe the ſeveral terms of- the ſeries to be determined by this equation, 
ph i=t; 40 nd any term in it, 


Since —_ 121 =1+ £ then = 7 + N I , and n. 


Aſſume 1 = AR + BE + C 3 + Dz= * *c 
CES 1 * n n n 
Then nf! m . N +. eo 


„5 
- | | | A 
Es I 


+ lhe fb 


2 


8 


. 


— 


+C: X 2 2 7 &. 


Puniag 2 = 3, and 77> #*» Kc. for 1—1, #2, 3, &c. 


Then » 2 = nAz _ r= J 7M a C 1 1 D 2 Kc. 


: — | 2. H—1 
Then cquating the coefficients, A= A, 15 = = 11. B + A, 


* 1 1 V 
and B i= A. Likewiſe 12 8 - A ＋ 
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14/ The METHOD i: 


15 fm OT OO FT ns wy 


— : — C. &c. Whence Is 
t=Az + ——Az | 
CERES IE 
„„ 8 
1 MI —2 1—3 HI 1—2 1—3 1—2 13. — 
＋ . A + B+ . COxt:2 
3 3 3 8 of * | 
hh ws 3 5-6 —3 . * 
4 — -_ . : — B | | 
| nu— 4 
+ — 0 ww . — 4 C 5 "eb ( * &c. 
4 2 3 3 
ee 1 
4 2 „ 1 


And the coefficient A may be determined, by ſeeking any term, by 
the given ſeries, and alſo by the ſeries aſſumed; which being put equal 


will determine A. This ſeries is of ſervice when x is {mall and 2 
great. | 


Sen, 


The equation of the fries is b i=t; and of = 2. 


1 \ 


Aſſume i=Az. + Bzz +. Czzz + Dix.» &c. 
Then = A + 252 +32 042 &c. 


And 2 = 2 Az+ 2 2B NT + 370 X Z+22 &c. 


Garin; nel +axder + 32 C Kc. 
+ 22*Bz A 2.32 C 2 2 + &c. 


Whence 
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Whence | | 5 
at | 1A + 1B 2 2 n +: #D=z;;5S &c. 
i = <4 23 


zt | $AZ2 + 22Bz2 + 332C Z. 2 + 42 Dr. . 2 &c. 
_ : — —3 


Hence comparing the coefficients, where x , we have zA=A+2B, 
and B = CZ „ DS. E = , 

5 SS — 44 SI! 
&c. Whence h 


+ 22*B2 + 2.38 C2 2 + 3.48 DZ. . 42 + 4. 52 EZ. . 2 &c. 
f | 8 | * 2 "7:- OM _ 


SY 2 5 2.3 3 3.4 Box * 
r fox. 
4.5 — 


P, Q, R, &c. being the foregoing terms. And A may be determined 
by ſome given term of the ſeries, as before. 


This ſeries is ſerviceable for interpolation, when is an affirmative 
whole number, or 2 a {mall number. 
Or when 2 is not 1, we ſhall find 


HY H—22 u. 32 » 
1 As 3 „% — = 


tit WS To 
452% = 


PR O B. XVII. 


I the fone! terms E ſeries be defined 2 this equation, 2 47 v= 03 


** 
where v, V, are two ſucceeding terms in the Aries: 7 Zo mo any term 


therein. 


Here xx0w + ro = x#x#90 , ο + *xxT, and rv = vv; 
| 1 a . 8 


* 


E e | Aſſume 
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Aſſume v = B 2 D E. | 
| Bong "+2 33 T &c. whence 
V >= — Be Bx* Bx. & 
20K , 3Cxt 
FE * 
3Dx 
25 
&c. 
Then s r A + 7B WL.” FD 7 FE "© 
2 . * 
„„ . . 
| $8, | * + e | xx ＋ 43 K & c. 
— 20 , 3Exx * — 
* 8 X X * * 
— 3Þx 4 Der 10g. 
& R „„ 5 ; *** 
— 4Ex ioExx 
"+. x4 
— Ye. 
=" &c. 
T hen equating the reſpective coefficients, we have 
13 B= r | 
1 8 3 2 * Xx Fs 
D = cf E . D—4Cv +Bx 
3X 4 5 et 
F — Dre. 
55 5 
3 = — „ 
f | | ox. &c, 


Re Ek the numeral coefficients, are the x unciæ of the ſeveral powers of a 


binomial, 


Otherwiſe, 


INCREMENT s. 


Otherwiſe, 
Mr =a+S Aa +2 +4 
| ho ne es & X 1 . 


X & K X &. X 1 
i a 2 3 4 


And xxv = Bx: _ 2Cx'x 3D. 4Ex-x 


3 — 
X * X * * Noe % & . & 
1 1 2 3 — 


&c. 


The value of x v being reduced to a proper form, we ſhall have 


Fo = * U, that 1 is, 


3 „ 1D e 
x * * K * * * "WY 9 29 5 


1 1 2 


r A + 


&c. 


* xx h BY A 


1 2 


— 2Cx + 2305 4+ 33 EN + 20 


* * & N N Noo 8 & „ „ & 


1 2 . 4 
ee, — DE — ax _ Fx __ 6Gx 
XXX 9 „ 

1 2 9 1 


And equating the coefficients, B = — „„ B, 


2. 3 XxX Xx —r. C—Bx E. = 3 5 r. D- 240k. 
R 46 
17x *—r.E—39 Dr | G = T. FH ER ge 
1 57 5 6x 


D 


== 
= 
— 


EXAMPLE. 
To find the = term of the ſeries 1, 24 a, 4.5 B;, oy C, 


: 3-3 55 
$3973, 1925 2+ the. 
9.9 11.11 


— | 3 t 
Let v be the = term, then by the ſeries, the off term 


9 
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„ 
: 2 —— 
K 4 2 e 3 . rn 3 ne © — — * 
3 Wo F ͤ Yo IE oe ** — by x" - * : « 
3 22 — — — S g — - £ my Dr dC awe — _— 4 2 — — 
— — ; 8 83 5 — — > 3 IK 0 ES ALT. - — — — - 
— 7 2 A . « == - — * . — 3 
— — —— nd . S 23 — 3 — 1 8 — = = 
— = 2. no - — " — — — — * = I 
N , 23 _— 6 


== 
— 7 — >= 


= 


* 
— 3 o 
WEIS 


n 
— 


* att > 
22 3 4 — 
E, e — ard ed 
* RE F IEC... ATED. Ab <= 
333 27-7 — 4 MF —_— 
. ͤ IO EO TL * 2 s 2 — 
— AG? Cones of erg 
> 3 x * 4 "0 
„ a — 


— — <p 5 1 
4) 2 r 
— — 


tos The M E T H O D ef 


or v ED Ve Put x=22—1, then ——L v = * which 
1 22—1 * NX 

compared with this pn we have, = — 1, x =22=2, 17 5 

whence, by the firſt method, we get, A = A, B = A, C 


D 21 5 A, E =648A, F=.557 A, G.= .608 A, X&c. 


| Cn, 11 4 557 2 5 
Therefore v = A X: 1 + — n+ wr 4 648 + 2299/7 1 Kc. 


IO 


&c : P, Q, R., &c. being the preceeding terms. 


Now to determine A, compute any term at a good diſtance from 
the beginning, as the 10th term, Ne 18 3 and put z = 11, 


xX=21, then 805272 A X: 1 1 5. P. + Qi We. = 


Or v Ax 1 2 525 p rn +55 +1  T, 


84 10.21 
A X 1.025304; and therefore a= 788398 which is the area of a 
circle whoſe diameter is 1. And A beiti known, any other term 


may be found by the ſeries above. 
When x is infinite, it is evident, the laſt term of the ſeries, or the 


2 of all theſe numbers, 1 * 9. * = X - &c. ad infinitum, 
= 785398. 


Or thus by the ſecond method, 


Ce | 22. 22＋2 
Let 2 be the Place of the term v, then —— "= 93 put 
| : FFC 


„* „1 
* = 22 ＋ 1, and then — v hence we have 1, X=22=2, 


And therefore B = :A, . os 14. D 2 1.9375 A, E = 9.76 A, 
F = 68, 45 By G = 616 A, &c. Whence 


het 1 5 19325 , 9.76 , 68.45 , 615 
Ax, * „ XXX * Y 7 * ps 3 * 
: A 1 2 | 3 4 5 


K&c. 


Let 2 = 10, then & = 21, and we ſhall have 0529s = Ax: 


and A = - .78 cok. the ſame as before 
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PR OB. XVIII. 


If the terms of a ſeries be defined by this equation, == ST; 70 
| Z X Tu 


find any term in the ſeries, expreſſed by 2, 2, &c. 


From the equation of the terms 2 2 4 =22+7 Xt Er Tr. zZ Tr. 7, 
| | 4 & , 
and ri +22: +rt SSO = rt +22. 


© D 


Aſſume 7 = A + + 2. 4b . 
2 2 2 2 2 2 
Then 1 — BE 2002 . 2D E * 
: 2 2 2 2 2 3 
T e 3 
1 ©. 0 T8 JOE 
ng 2 2 2 „„ 
1 1 2 | 3 i 
== Bs F ., nn—gDs 
Whence 71 +222 = 
EK 4; £8 + rC_ 4 al. ER 
„ 2 2 STE 
* 1 2 1 £3 


e 


— Bz+ 


B22—2C2 , 40D D -AE & 
2 1 22 


5 12 1 2 3 


Comparing the terms, B * 633 _ B, D = — C, 


* ESE D. Whence 


t ATL K BR EZ A p &. 


1 EY Or 
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wo. 7 + 22 7 +422 7+ "I 922 
Ort A LP + 22 222 ot 55 = 1 = Sa 
3 


8 2 5 T; dd. where P, Q, R, &c. are the preceeding t terms. 


And the coethcient A may be Geert 8d by Sadie any term by 
both the ſeries, and Ys them equal; as in the former enn. 


EXAMPLE. 


In the ſeries, 1, ＋. A, 19 B, 36 a &c. to find any 
$: 1H" 8 20 99 
term f. | 


Let v be, the _ of :, then by the progreſſion of the ſeries 


2 ' 
+ ee REES Put z=2v, then r = - 
4—1 ; 22.— 1 


Compute the 10th term, 1. 530017 from the given ſeries ; then v=10, 
2=20, and 7 = —1. 2=2, which ſubſtituted in the equation 


{= A+ P43 i. te » &c, we have 
= WE 5 | 
1.530017 AK 1 — — ow + + iQ + = R + 35. + 


63 
10. 28 


cumference of a circle. And A being known any other term t, at the 
Place v, will be had by this ſeries, 


T, &. = A X . 974039 whence A = 1, OS the ſemicir- 


i= AX: 1——P+-Q + 6 + 25, &c. where 


"© ak 42 6 
a | * yo 
2 Vo F | 
PR O B. XIX. 


If ſeries is generated by this equation, SS +az+bxt = 22+ c to 


find any term therein. 


The equation reduced is az—cz x tt ZIT t. Put ac n 


and aſſume AX + BZ CZ Ke. then 7 will be as in | 
Prob. XVII, and the equation will be expreſſed thus: 
9 5 ＋ 22. 


—nzt | WAR + »Bz + 1 C * + „DZ &ec⸗ 
1 | + 8 Az + 3. " wk + $©CF-- 
1 1 n n n n. . u 
a AE + = A  ==AL + Za 
. | 2 6 2 
| 7 1 ":.73 
+ 23 2 + ——B z + EET 
a n n 
. n 
+ 1D 25 
| 1 „ u n 
OE: 7 — 1 — 2 
h er 2 F 
nun n 
1 B 2 ＋ — 
+ " Cz 
ae "5 


Whence A = A. B == + en—b x into A. 


—_—— 


| | J. 11. H==2 1. —1 2 5 y 
8 * — + c x into 2A. 
1 Henne}, | -- 
+ X : + n—1.c — 6 x into B. 


S n 


c X into 3A: 


24 6 
51 » 1 wth 1 — : ñ—ͤ—ä . F 
+ — — + —— c Xx into 2B, 
6 2 55 
1—2 7 55 . 7 
+ = 2 ＋ 22. — þ x into C. 
&c. 


where A being indetermined, may be found as in the other Problems: 
| : | PR OE. 


112 The METHOD of 


PR OB. XX. 


To ful the produces of any number of 4 quantities, a X a+r X a+2r * 
+37 Xx a +4r Kc. 


It is certain, if the log. of that product can be found, the number 
anſwering to it will be known. But the ſum of the logarithms of the 
factors is the log. of that product. Therefore let v be the laſt term, 
and put 


s = /: a + l:ah+r + r + 1:0 


Then the next following term is J: vr, where v=r, that is, 


rr 73 | 
T 4 + Ke. by 
the nature of logarithms. 
Aſſume A“: BI: v + C +2 + 8 + = &c. 


Then by Exam. 18 and 20. Prop. XI. 
A vr A v3 A v A v5 


NORD FATS 
B v B Y v B 93 B v4 
Y M avs Jv 45% 
c - D v D v D 93 
* T — FT V3 ” 
2 E v 3 E v v 
ps 3 4 
3F V 
EN. — &c. 
4 | 
6d Lo ik IX 
| U 2 VU wv 4⁰¹ 


where V = hyp. log: v, and the reſt, hyp. logs. 5 
No equating the coefficients Av=1i, and A = — _ ww 


1 5 2 GE 1 8 
SS DD E= O FEZ G S o, H = — 
; I | ; "y 


N 


INCREMENTS. 1 
V 7 73 1375 


Y a2 | 
Og. V — — + — — — —— — > 
r r 129 360 12605 


2 


&c. 


12 


But when s = log. a, then — 


log. v — . &c. = 2X 
7 5 log. a 


833 
— — &c. Therefore S — { : a = difference of theſe ſeries. Or 3 = 


that diffcreace * J: a, that is, 


V + 17 . 1275 5 
. r 27 Gout Ke. 
12 360 1260 
2— 7. 1 Pp 7 137 
| r 124 360 126045 * 


EXAMPLE. 
To find the product of all the natural numbers from 1 to 100. 


The product of 1, 2, 3, &c. to 

, to 9 is 362880, whoſe ö 
is 5 5597030. Then a=10, v=100, 18 and hyp. bes. 2 
and hyp. log. v4. 605 1702, and v+;r = 100.5, alſo a—ir = 9.5 5 


then "Iz | 1 
7 J: = 462. 81960 | — —== 24 = 221. 87456 


—_— | 6 — | 
„ieee eee 0 


1 
| 
U 
l 


= + 83 124 $33 
3 


+ 462 . 82043 | 


+ 362 . 82043 | 
— 11 88289 7 — II. 2 


+ _350 + 93754 the hyp. log. of the product, 


— 21 . 88289 


And 350 . 93754 X «4342945 = 152. : 
To which add the log. 362890 Wi 3 3 the vulgar log. 


— > 


I oo the log. of 
Pages of all the natural numbers 45 8 and that 3 
93325 (152), the number 933256, with 152 figures or cyphers an- 


8 Or 


— N 8 * - 3 — — a 3 G 
3 277 ³ ¾ ᷣ K on ea Eo . PP WR one (hd a ar” or CIS - 
— a * . os To — . LES © 23.34 5 5 * 22 bo : * 1 o 4 = 2 — — 2 * 
: # I > > Ae. . 7 . ä 
= 8 N 7 * N —— . 3 8 3 - -_ 2 — n 
* — — 82 23 — > ae 1) N - 2 : 38 2 2 a . = 2 ” 
I, A — > —— ons n — * > . — H A — 4 3 os 0p th. SIT ets 1 7 r ES 8 
>= 7 = N 1 wr, by. of « _—_— Ws * = » a4 5 4 r my * 2 fa 3 . „ — NA ” r — 2 

rr e A oa. =. © n bY —BY 2 Dy > 8 ? £4 —F-" J 8 e + — * . n : bu 

— * 1 — SS ont XD, - — a 6 8 ST; x: EC CSR 4 a . GI IIS = . " * 33 93— ne: —. * 7 * 
— — : 2 —— — . — — "+ . % Ac e . . 2 * e 1 * LIES 7 2 ES7 Woe ys — n 4 2 - 2 
7 — - — — EE LIST bo SS — x — ——— . — 4 — A 1 2 27 ͤ oa OY IT: At E —_ 3 . 
HY HER bh "I 3 - a . 2 3 . & += — * pon © — 222 _—_ off —— 2 —_— FS oar= oy. nes FO, im: 9.5 Eko 8 2 2 
9 v6. — 8 2 5 - r 3 r N 5 „ Page REY, 4 : > * — 
* By ern re 7 * 5 4 a - _ 
2 D 2 L 7 . . FRO _ i 23 _ — U OR. BG 5 pag — 4 a — 3 3 * "AR 
oy . 24 == 3 125 * 4 W -. & — 1 © hd - «FS * 6: * 
IS 2 e 6" las. * py * r — 2 o —_ 
” — 43 % ls . — * 4 * 


CIO ES 


L 


"gp 
BEI LES 
> 


Fx 2 


r 
— — * — — 
» OB c 
by * 


— > Pg — - Ls et 
” v 1 _ 2 — 2 N 
ul DO EE 1 — 


— CI * ——_ 
— Po "= 


FEISS * 
8 je 
- Ia 2 5 
23224 - — < * ” — 
——— cnt og : 
— 
1 * 
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Or it may be computed thus, 


Since S - Ke. the ſum of 100 terms. 


And s = 2h &c. the ſum of 10 terms. 


Where A = hyp. log. a, and s = ſum of the logs. of 1, 2, 3, &c. to 
103 or the log. 3028800. = = 6. 559703. 


36 „ 
To find the produf? of any number of the quantities, 7 X 557 * 
a+2r a+3r | a+4r Gs 
br b+3r * b +47 2 8 
A+ 4 


Let — be the laſt term, and put 8 = log. . I 


7 
13 13121 . + 1: . Then the next following term 
b +2Y b+3r y-. 
is J: 7 where vr, that is S = "44 Do Put yr x, then 
ſince a—b=v—y, we have v= 3 ind v+r=y+r +a—b=x+a—b 
therefore S _ 1 „ 
TW 2% K 


SITY (putting 2 U); 


[| 
* 0 
+ 


Aſſume S = Al: x + =. 
(Ex. 18. Prop. XI.) 


a 


— 4 
. n + * M2 ets EB RS b- — 3 2 
4 — 7 : a * — a 7 .. — EH * Fi 

hy — w 2 — — * 0 — = 3 


* — * * mi 
- — > * — 3 ** 
o en 1 3 — 
17 2 h — + Dee a O 


-v 
AS on audin..- 


A* N 2 ns 
ag 3 4* hy * M 


* nn 2 J 
* 


Wn 
— — 
— 4 ' 


A Le 
3 


ö — — A — - 
. 2 — b 8 — — — hs. - —— * - ——_— —— 32 
— = ? r wr - 1 * * U N — — * L 8 
.. ͤ Oe be ares ee Mc A IS 2 2 r 21 8 3 n > aL ID — - 
3 — * TR 3 2 r > — 93 * fs Ref mens — . _ ” 
SE 3.4 * 5 we - - * 


R A 


— * 
+ SY - 
5 ante 


And equating the coefficients, Ax =, or A = = and B 


X ASS .-” 


mx, C Axi—wS+3Brx . guru 


. 
— — — 
. 


2.X 2.3K 2304 K. 
— Ax By: E 


D = 

| = ED = bo 3.4 K 
FE = A. By __ 4Cxt 6Dx 
F 


- 
2 339 r 
9 — — — 
— * e e 


N 1h. ng nr 
r 

N 
. 


| 
+ 
| 
| 


8 * 4 | 
3 44 | * 14 
5.0 x 5 5 Wk 5 


the coefficients of B, C, D, being thoſe formed from a binomial. 


Whence | 
S=AX +2 + c + D + E + Fc. 


Nx * ** * ? 


where X = hyp. log. x, and S the hyp. log. of the product. 


Or rather thus; Let 8, X repreſent the common logarithms of the 
quantities, then 


S = AX + 43429448 K: * + E +3 + = + N &c. 


X * 


But when „g;, So. Therefore, by correction, 
$=AX + 43429448 X : 2 + — + — + — + — &c. 


— Ax log: Þ 43429448 * 4 che 
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Where 


I 

HF 

27 
zm —2un.— v. 


127 
2 


A Hs 


u. 


Ne 


1 W 
[| 


1 r 

3-47 

a PE itil, 

* 

115 —7 

N bs 

= Pg gp eee ier. 
7 | 


&c. 


B + ed 10% 


＋ 


a = t 8 
| 


EXAMPLE, 


To find the product of 100 terms of the ſeries, | . . 


20. 23. 26.29 &c. 


| Here 520, n=1, x or . 1:b = 1. 3010300. Alſo J=317% 
* = 320, 1: * = 2.5051500, And A B — H =. 
93 — Ty 1 = — T, F — — 23, &c. 


Therefore 5 | | 
Go HIST. 4342945 IE ˙ be. 
3 — 8 18.3202 9.320) _ 
_* 13010300. |, ..4342 &c. |, 4342; -, - e434, »43 
SR P 3.320 T 18.320 F 5.380 8 
Which ſummed up is as follows: 
+ 835050 — 433676 
8 7 
+ 834597 N 25 
—. 426384 . 
Log = To. 408213 _ | — 433082 
Number 2. 55984 | e 
— 425384 
So the nnd required is nearly = 2.56 


It is eafy to ſee, that the product of all theſe terms, continued ad inſini- 
tum, will be infinite. 


PR O B. 


x [> 


INC RE ME NT s. 517 


POE. XXII. 


270 find the ſim of any number EN terms * ie Tan,” 1.2 . 2. '3 + 3-4 
＋ 4.5 + 5.6 Xe. 


Let 2 = number of terms. 
's = ſum of them. 
Then by the progreſſion of the ſeries, the laſt or 2 term — ZZ, and 


* — * 


the next term to be added will be 2 2, that is, 5s = 22, where 2 1. 


Ms . * 


3 | 2 2 2 
1 2 os 2 
,- for when 221, 


Conſequently the integral is 5 = 


= 3 
it ought to be by the ſeries. Therefore the ſum of z terms = 
2. ZI. 2+2 

3 8 


PR OB. XXIII. 
To find the ſum of n terms of the ſeries, 2 3-4-6 ＋ 5.6.8 + Ke. 


Let s = the ſum; the » term will be 2y—1 - 27. 2 +2, by the 
progreſſion of the ſeries, But 22—1 = 2n+2—I = 21+ 1, becauſe 


# 


1 l. Therefore the 1 term — 27 +1 * 4 = 8 7 +4005 


and the next term will be 8 z 1 1 + 4 22 = _ 4, Then the integral 


U 


8$annn 4 unn 
4 2 77 + 727 i nn een 
21—2 ＋ f XK nun 2 — n+1.u+2. 
1 23 3 
PR O B. XXIV. 
To find the ſum of the ſeries — ＋ 1 = Ke. 


3 
1.2.3.4 2.3.4.5 3:4:5-6 4.5.6.7 
Let $5 ſum of 1 ben then the laſt term of the ſum will be 


4 6 4 6 
45 + 2 and. the next term or f = — + — 5 
1 N u½,jhQ? N n unn V 
2 | Get 2 ; +; SV JS 2 3 4 I + 
H h and 
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2 2 - PRA 


and the integral s = — — — 2 4 24A 
| n n n nn nun 
2 3 1 > $I 1 2 3 
2 u 
LRA AL 2, for when 521 
nnn nn n nn 3 nn 
3 2 3 1 2 3 I 3 x 3 
2 2 2 2 2 
1 1 therefore 5 = — — - =. 
n 3 nn 3 +1, 243 ons 3 * 
1 3 
LS 


PRO R. XXV. 


Jo find the ſum of n terms of the wie —— + 4 nm + = oe 
o fin "0 of F the ſl 7 3 &c 


1 | 
== let v=2n—, 


Let 5 = um then the laſt term is 


and v = 22. Then the laſt term = — = ; and the 
VV v | 
PS, , m_ 0 3 
next term of s = 3 3 and the inte- 
3 2 3 1 2 3 2 3 3 2 3 | 
fe v+I * 
gral bs . _ A — 2X 2— =A:x?73 
VV v v 9 
- 3 12 „ | 1 2 ; 1 2 
= A — = 3 = = {= +1 > becauſe when u=bs 
2n+1 « 2043 24+1 , Zu FZ 
s = that quantity ; OTS = — — 2 
. Zo 20+1 2n+3 
PROD. XXVI. 


fo (5) . be fm of n terms of te fries 5 = IP 7 + I-56 + 


Here the 1 term = nan — 21 —=— » and the next 
2—1 . 2+ 211 2 ＋2 


INCREMENC T S. 119 
4n+1 =4n+5 


terms - ——— Put v=2n+1, x$=2#u+2, 
. 22-+I , 242. 28+3 . 22274 
x + v | 
then V=2N=2=x, and 5 = ———; whoſe integral 5s = A —- 
© ny : * * v 
1 1 
I 


9 by form 12th of the table. But when go, 1 o, v=r, 


1 , x 
& 2. Then 0=A — — = A — 4, therefore A = 4, and 


| „ Aa 


2XV 2.21 ＋1. 21 ＋2 


PR OBD. XXVII. 


; 5 5 3 
To find (s) ” ſum of n terms of the ſeries, IG WY" _ 7 5:6:7.8 
ns e 


7. 8.9. 10.11 


| Zu — 2. 31n=—=I . 33. 33 T1. 3u+2 
. and the next term $5. = 
3 —2 . 3— 1. 31. 3n+2 8 
3 = 1 


———— Pu , : chen 
3 . 3#+1 . 3u+2 . 3#-+4 . 3 ＋5 | 

| 4 r 2 Eo. 
* 2 3 = 3 S Kk, and s == vr whoſe integral is 5s = A — 


S 9 


— 1 er: I 
= A — = A 2; therefore 5 = —— = 
1 Bn n. u 1 


ES 
— — — — 
9 


54 Try 3u 2 12. 3u+1 , 3 ＋2 


Pa O . 


. 
_ 8 l P pg * 4 * - : R 0 

rag ode. 2 — 0 - —— 2 n 

— _ 3 2 * — — — —— — * 4 — — —— —•— —_— — 9 3 


eee 


— 


— 


— 


op. 


— — 


- 
- Ip een Dx St «oe og 2 5 
on — ———— —— — 5 2 6, Des 
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PR OB. XXVIIL 


To find the ſum of x terms of the ſeries— + + + 


. 
1 


ene e aobich is 3 the circumference, when diameter =1, 
I 3-15 | 


Let s = the ſum, then the x term = - — bd: tht 
a 2 3 1 | 
next term or Put V=4x#+1, then v=4x=45 
4X +I . 443 = 1 
and 5 = =o =". But by Cor. Prop, III. = 
| Y VV | UV 
5 2 2 : 
” . 3-5 03 3-5-7 vt 
F / %% (((( 
1 > 1 3 1 3 | 1 5 | 
. e 4- 3:7 &c. and the integral 
VV 2VUVU 4V..U 
1 I 2 3 
U = v 
3 „ — 1 ages 3 — —— — &c. 2 
V V 4 9 E = the A. abs: 9 


5 12 8 v 10 12 v 

9 x — e BY ke 
_ 6.11.4 — 234 &c. To find Q ſum up 10 terms of the 

14 10 | 8 
given ſeries, which call T; then T = Q — 8 | +. A Ke. 

„ 4445: 

Therefore T 3 2:34 B &c. 

_ Q= + 4+41 4:45 6.49 


And hence the ſum of all the terms ad inſinitum after the xt term, 
Wo + 25 333 &c. 


2 


Otherwiſe, 


INCKEMENTS: 121 


Otherwiſe, 


Since 5 = 3 put z A T2, then 2=4x=4. Then 
i a 


33 . 9 
3 and aſſume 5s = Q + Fe + = &c. Fhen 


1=Q+= + B + O. &c. =Q + _A 3 + 


x * | & 6 "T2. - pn. 
— &c. Theſe quantities being involved, the operation will be as 
=+2 ; | 
follows : 
Py 1 8 8 
ER Son + oa = 
A AZ AS A Ag. 
R 
B 2382 3B2* 4B N 
* r 
C 30 6C2* 
„* 
D 4D 
5 
RN 
25 


3. 63—„  ..__ em Yo cum 2 name tens 


23 24+ Rs 
C 60 
1 

2¹ E 
4Dz 

25 


| | | | | ; 5 I : 
. 22—1 2 2 2# — 


Therefore putting theſe two values of 5 equal to each other, and equa- 


ting the coefficients, we have 


Ii 8 2 


— . —— ——— 


8 

a 
8 
[ 
3 
3 
© 
1 
BD 

#1 
v 


{ n M4 


[ll 


&c. 


It is evident, the numeral coefficients in each, are the unciæ of a 


bi nomial. 


Therefore 5 


where Q may be 3 as „ 
To find (s) the ſum of n terms of the ſeries el a 


Here the Bs term is 


MET H O D of 


2 


— A2. abi op +1 oD2'— I 


— + + | 
AZE. —6B. 1 bg —20D2 +1 EZ 


—A27 + 232.—2 1C25 +3 — - +2 IF2'—T 5 


. — 


PR OB. 


— cc [— —— 


and the 1 1.5 
22— 1 1 | 


21n+1.2n+3..3 
21 +3=v, and n+2 = S 


Let v=2n+1, then v=2n=2. 


Therefore s = 


© - 2 5 
1 7 wt. >». 54.4 \F5 k 1 — 
ed 4 
N | ; 
- eZ *s l « +4 k 2% * 8 * F. 
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4 


2 
Prop. XIII.) the integral R P + &c. 


4 
+ 555 
V V 


Where ö i, g:; a, d, e, &c. So, Sr I. r=}, R = — 


6 
— 


1 Wn} yy 1 

2 v R R 2 V 
1 &e. Therefore Q = o, 

2VYU-..- | | 

{ | 
I 
2 vv 
| * 


+ 
. „ n+t I 
3 | = 39 T "wn 4 
n when o, then go, and the inte- 


I 


3 «4. 2+ 1 : 
9161: converted IS 24 — — 18 or the n may be 


4.3 "21+ 1 
found by Exam. 1 5, which gives 2 ſeries, where all the terms deſtroy 
one another 1 the brit, 


PR O B. XXX. 


a) 


Tofud(3) 8 of the ſeries, — dern + - 8 +; 27 7s - &cc. 


XI 
term Sr 5. L > 


———>#f# 


| 3 
Here the v term = * , and the x#+1 
8 x 


2 
put *#+1=v, then s = , that is (by Exam. 20. Prop. XII), 


——U— — 


v 3 v 
1 2 


Pg 


$a 


+ = (v or x being SI). And by 


a 


Exam, + r XIII. the integral is 


. 2 D ad 2 
FI Ce 2 os DS Ra. 

— ce r 
= P_. D 2 


3 
K 
— 
a 
WS 


ED I Ev Ä 
EE. 
1 


D AA . ⅛˙ALðl... oe. eB PS OE AGIs 1 9A SOS eas 
TY q 
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v . 3 v v 6 v 6 4 
x 2 1 2 2 
382 — — —— — . 
4 — 2 1 
8 2—1 a—r G—1I 
» 6 D 
3 vv 5 . 
| + . * 1 7 Q. 
[ 4—1 3 15 1 2 that is, 
— V I 
4 — — * 
| — 2 
VVYV—JVV +V" 3 vw — 6 6V— 6 
| | 3 1 x 2 2 ; . | 
A „ S * — * e 
R j1 A—I Py / 4221 Py / 4 Fa 41 . ka 
fl A 7 But when x=0, v=1, and 5=0, therefore 
A 7 — 2 4. : 
© Q== YT 2 * => — YT 1 * 
| SOT au ES nn. fl Gi" 
*| | 
| Otherwiſe 
= x+1 DL x x+I . : 
4 We had s = A = 43 +3x+1 +: —— . Aſſume J = Ax; + Br. + 
FF . TE 35.71 * EET | | 


Cx+D+ E Kc. x * RR Yo ie. - ve 
a ; Fo 
= Then ſubſtituting x+1 for æ, and the operation al « 
follows: 
| | oy 1 Ea 1 A N 
5 nue +6 x — 
| | | * * 11 


A A lr 44. A 


. 5 
+ Bx + 8 2 * Ar then —8 or 
* 
4 Þ 
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5 + 34 + A &, 
+ B COSI + B 


— Ca + D FL 
— Da 
; = W + 3% + 3% + 21: 3 
x+1 
; Equating the coefficients we have A A 21 and A 
1—4 
e - WE ins. a aa 2 
— — 3 * ä X 3a, D = — +6223 : 
1—4 1—4 - 1— 4 
„ | . 
But when #=o, $=0, and a = 1: Therefore the integral cor- 
: 5 3 | 3 2 * | 
rected is, 5 ere 3 F —_ EF „ 
| _—_— * 2 * — 3 x 
4—1 a— 1.4 a—1 . 4 a 1. 4 
| 2 3 | 
4 * 
2— 1. 4 


a? 5 a+ 


ries ſeparately, Di. 5 + 7 obo E &c. and 4 + 
6 a3 25 a* 


Ke. be given; ſum up theſe two ſe- 


* 
&c. and their difference will be the ſum required. 


PR O B. XXXI. 


To find (s) the ſum of n terms of the ſeries, Ma + N 4 4 + O a Pay 
| P a* + &c. 


Let v ſtand for the coefficient of a, in the 155 term; hon the 1 


. | | — 2h 2 n+1 5 
term will be V vs, and the 2z+1 term, or 5 = o Bot 
u I | 

| 4 | a . | 1 1 a 
by FR 13. Prop. XIII. the integral of a _ = a", and 
1 n+2 7 BAK. OY 
integral of TE ⁵——T— i be 
a—1 8 pan ns ANN 3 
—1 a— 1 a—1 


K k Whence, 


a4, — * 


2 oY „ ASD; 2, 


C | N 
FFC 
2 COR: — — © 72-m" : — _—_— 
* 
_ - 


— - n 
— ” — 


n 
r 


e 


Os  - 4 4 — * a 1 N 
2 2 * iy I 5 * 
a 2 — * " 5 N L K 
Fel ns flo peg,» 
— . ms — — . — . 
x 
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Wheuce by Prop. IX. the integral of v or , that is 6 = 


þ 
Yb ST Ts 4 A | 
—_— —_ : &e. Hence if any 
4—1 42— 1 a—1 
of the quantities v, v, v &c, be So, the ſeries will be given in 


finite terms. And v may be found expreſſed by u, by help of the firſt, 
ſecond, third, &c, differences: : or 0 finding the increments by Pro- 
ſition XI. : 


1 1 1 
To find (s) any number of terms of the ſeries 3 + 1＋24 


7 
n+3d 4d +54 
Adding two and two terms together, the ſeries becomes 


+ &c. 


8H 


1. n+d 5 n+ In #+4d . u+5d : 
The 2# „ . — z put e 
| . — 22=1 . . 
2 2—2. 4, then 2dæ v = 24, becauſe z ZI. Then 
FF 2 _ . But by form 13th, the e 0 of 


. 8 | — p V L 
v. T4 v. v2 4 
1 | 2 


| SK 1.3.5 v* 
„ Ws a. 22 „„ Whence 
= 


UY 4v0 1 78 
4 * 1 | 
4 to aA 34d =2 50 . 
| 20 4 6 9 8 „ « 10 
| 1 d Bb 1 f | 4 
But when $=0, 2=1r, and v=n, whence is had 
JT MR a 


42 nd2d 6n..n +44 8 8 *. 7764 


And 


INCREMEN TS. 127 


And when v or z is infinite, Q is equal to the ſum of all the ſeries 
ad inſinitum. | | | 


Or this ſeries may be ſummed, by dividing it into two ſeries, one 
affirmative, the other negative; and finding the ſums ſeparately, by 
Prob. XXXVI. following. 


PRO B. XXXIII. 


To find (s) the ſum of 2— 1 terms of the ſeries 23 4 ah 


d 1 ＋ 24 
17 FE 
e. 
1n+3d by n-+44 
Here the 24 term or 5 = 2 Put v=n--dz, and vd gd, 
Nos l TY 
becaufe =I. Then 5 = — ; and (by Examp. 15. Prop. XIII.) 
the integral 5s = * 2 A + —— B + Ke 
J v _, rwl.9 


a 3 
&c. But when 2z—1=0, or z=1, then vd, and s=0, There- 
fore the integral corrected is, | | 


--4 | 
6 — A + 2B & c e. 
— 0 11. 5 11. 5 11. 
4 2 3 
. uA 11 . u+24 | 7—1 . #+3d 
> C &c. where A, B, C, &c. are the preceeding terms 


in each ſeries. 
The former ſeries is the ſum of all the terms ad infinitum after the 


RT * ; 
Zz==1 term. And the latter ſeries is the ſum of the whole ad infini- 
tum, when r is leſs than 1. | i ” 


If the latter ſeries doth not converge faſt enough ; ſum up 10 terms 
of the given ſeries, by which the integral may be corrected. 


P R O B. 


: 
2 * 
* : 
ö p 
F 3 
. { 
wy 
N 
+ * 
? 
& 
oy 
# 1 
9 


A . 4 #7 a6 
— 


e 


_ 
Ss 7a 0 4s eb 


[ee IS, r — Tae — — 
8 n r 2 . ba” Pe A —— «> = l l S ER Ea : 
—_ AERIE hr _— Fay. "LOR WER. n * n Ne _ . 5 2 2 EY - — 1 
8 F * » 5 * - Sp m5 0 5 — - " IS = os Y - A "2 + 7 * — — s 7 
a * + - 18 5 4 . * * 2 n te] > . 2 sf 3 a * 22 S * ** 2 s * 1 7 
for * A 


8 
„ 
N — > 4 ho F, 


2 2 
4 4 X : b w_ 
e e * « = 4 

a > Bn 5 . < N " Fe <4 4 4 4 * . 

_ K C TY 8 
5 — * A e , t N 2 ; 2 : 

os — us) * 5 p * TIS” : 8 — — —— — — — r 6 

- 2 * - —— — - — . —— — dare. Nr r - 

« 


+ gs — 


r 
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PR O B. XXXIV. 


To find (s) the ſum of v1 terms of the ſeries, 


ob 7 + Ke. 


Here the vi term or 5 = 


| V. FER F | 
1—4 + I-—d, 2—d 14. 2-4 — Ke. 


9 93 „ „ 
3 X 4 


Aſſume 5s = — + 


Then 5 


That is, * Examp. 12. Prop. XII. 


Aa Ba —2A4 + Ca—3B 4 Da—4Ca * FP 


e VUVU . . 5 V..v 
4 1 2 3 FEY 4 


Then 5 — 5 or 


1 A _ 42—1. B—2 Aa 4 = C -3B fea. 6? 
2 9 1 | : M6 0M 
T 1 2 3 


1 2 L 4 e 
VU v’ e 


1 . 2 
* 


Gt 
| 


Then equating the coefficients, a—1.A=I, 4—1.B—2 A4 ='— 


d—1 , &c. Whence FVV 


c ZBT -i . d—2 th 2 . 5 — * 


4—1 2—1 


Therefore 


9 
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Therefore 5 - 3 . 55 ST 4 282 + A 4—2 


421. 99 1 0 42—1 . 9. . 9 


1 1 2 3 


5D + 1 .d—4 


+ 


4Ca — J—1; d—2, 4—3 Se 


T 


2—1 . 9 5 4.—1 . 9 5 
4 N 5 


Take then v—1=10 (or any number of ) terms, then s=10 (the 
ſum of ten terms); then we have, 


& 


1 5 83 81 GA 
10 = @ X into 1 As 4 ha &c. whence 


4—1. 11.12 4—1 . 11.12.13 


by correction 


that is, , | 
bo — 1 A 6 
a | I 4 — 1 a — — 
$=107-4 i 522 . 87 
2 42-1 V 42 UD fem] Vs V 


I | 1 2 3 
&c. 
3 3 FR 2 Aa— d—1 ++ £1 4—2 


2 ·˖ i111 2—1 11.12.13 4—1.11.12.13.74 


— — — 


Hence if 2 be leſs than 1, the PR of all the terms ad 1e = 


| 7140 . . Aa Be N i 
101 + a K : — + +. =O I 

1—2 .11.12 Dd, 11:1312 4 1.11.12.13.14 
— & c. where A;. 3 . NE. are the foregoing” coefficients, excluſive 


of v, v, v &c. 


— 


N . * * — 8 "TEM : : eee — 8 
Wet" * y RIES >» 6 . F —— „** © ** e * * 2 — . . * p . 6 9 vs — — ß ——— —— NR "ES Y IS — — —ͤ a—¼0ꝗ 
2 S p · mA — .. 7˖7 3 5 2 Err . ͤ— dr” whore — — MED EATS. OY LIEROWE S te 
_ 22 — — — Ce ˙ A — 8 - 2 wed — en 2 n 1 2 4. — Wa - A — r 8 IR reg 8 e KK I ” 25 * mug P 3: SIRE > xr: 3 Ws 110 TS rat py patty rs, 
b r n * U - A ⁰»·⁰A 4. rr ß . Fat. PPP — — —— rene — 1 
W — K —— — — PI IE F EATER. Om m1 — = oT'” . SO K - * mg . * ” * d 4 1 ” * 4 . p 


PROB. XXXV. _— 
To Jud 4 the ſun 4 the proe of the arithmetical oragreſf on, 


a da ae +a+20* +a+3e 8 
To find 2 the ſum of v terms of this ſeries; the laſt term wil. 


mn 


ö 


be a+v—1.e, and the next ſucceeding term or 5 = a+ve ; 
h LI | put 


- Me — 5 2: 3 a 
r Yr ng A es * 
. 


w ORG * P91 2 
E 3 * * . 
. 


- — 22 e — 
- r 


- —ä—— — 
* n 


— ot. 2 ac, = 1 
a; - oy 2 . 4 K - „ — 7 FR — 
— 8 n *. 2. 1 bt 6 7 > 0 " N 

— * _ 5 by 4 . », 
CON rr no RESTO om er On 0 S} 1 A EA a 
— - - © * 4 . a — 3 C 


as -- 
- 2 


n 
* - 2 ——— * 
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put a+ve=x, then x: Der Se, and 1 2 „. And by Cor. Ex. 10. 


Prop. XIII. che integral is 


mT x * a 
x x mx m—! m. 1. M—=2, Xx 2} t— 
c * - 1. . » . 0 
ml. x y; 3-4-5 
that is, . 
DRE . me m.i—1 , tM—2,e8 
F ER * „ * * 8 x4 
Nm 0 Mm... m—_6.o W 8 
wee FLOP - — | 5 | &c. con- 
I: + 30x t. 85.05% 1. 10,11. 898 


tinued till the index of x be 1 or 2, which may be corrected by ſum- 
ming up 10 or more terms, & c. or otherwiſe when m is an integer. 


If age, then x =v+1 ..4. 


e eee 


T he ſum of v terms of the ſeries — + — + : 4 
5 a a -e 42 Ze | 
: &c. ls - - X into — —— — 1 
7 — | an | . ' 
n * „„ <p 5 3˙4 
TI - Tz. ee „. . 44. IR 
#--- 0 x* ; e 5 


which may be corrected by ſeeking ten or twelve terms of the given 


ſeries. 


PR O B. XXXVI. 
To find (s) the ow of x terms of the . ie 


1 1 


2 * 7 * * a+3e 195 
T he laſt term will be „ and the next ſucceeding term 
| 4 + *—1.4 By 
or 5s = Put 2 g +xe, then 2=ex=e. And s- = ad 
arne 3 0 3 2 


(by Examp. 12. Prop. XIII.) the e is 


* 
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Lt 13 E!: ONT -:--:: 4 
ee Oh 22. 12 22 7 20 2 © 
1 2 3 4 
K + Q. where 2 = hyp. log. 2. 
504 2. 2 | ; 
Or ihus, | 
Since 5 = , the integral is s = Z __ — 1 
. 2 e 22 12 ZZ 
65 e5 FS 
—— AI — — 5 &c. 0 
120 2+ 252 2 T 240 23 * 


Ex AM L F. 


x he foin of 2—1 terms of the ſeries 1 +3 +3 +32 +44 ++ lic. 
is = Z +. Eng; 6 & c. 


22 1222 12222 120 2. 2 
x ( a 3 'Z 
| I 5 « 
or the ſum of x terms 1 21 8 „ 
577 3 * 2% 12 xXx + I 20xt 
I 1 
252 x® 240 x8 


PRO B. XXXVI. 


To find the ſum (s) of n terms of the ſeries, = + = + 22 + 
1 5.6 &c. 


6.7 7.8 
The n term is —— . „and 3 —.—. - 08. put v=#u+3z 
n+2'1n+3 u 3. 114 
and v g= n= 1. Then s = — . and by Example 20. 
e ; 2 


y ca FFP Wher 
Prop. XIII. Sal * 7 ere 


ra, vt. Put vx, Z = hyp. log. 2. Then 


— 


+ 


AM 
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I +[=]=v = 4 £ + * * 
DION 9 + 2 &c. Ef 
E 30 8 .c© 52 2 | a 
| 2 3 — 
But when ö, v=9, v or 2 = 10, Z=2.302585, and the ſum of 
| 6 terms = welt 1 8 ba —— S$ — 2.461904 v — 
| 2 2 
| — — 0 Pn FP SEEN 
| 9 + : + 9˙21034 8 
4 +" Dos as "tb C &c. that is, 
1 3.10.11 3.10.11,12 30.10. .13 
= )))) A; 
4 e T % MOTT Rr Rn" 
= EE 2 0 
= 30 2 Z T 5 2 2 + 126 1 0 
| ys | 4 7 | 


P ROB, XXXVIII. 


T9 AO 8 terms of the ſeries, 1 + = - + = .... 


1.2.3 ĩ 2. Xi | 2.3% 
r e 
+ * + 2.35 &c. 
Let 5 = the ſum of x terms, then the »* term = EEE, and 
the "FS a term or 5 = ET i ++, let v=n+1, then v=n=1, 
a p 2. 3 | : : 
| · 
and a . And by d 14. Prop. XII. the magen i= 
5 2.3 
„„ 2 


2.3 R 3. Rv 3. Rv 


F A TED 1 where R = — L That is, 


an 
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· V 1 Ts 
5 =. —C_—— ME” oe I ena v but 
11 —1 21—1 2 —1 N 1— 1 * 3 = 27 


„„ 4.3 1 e 
when so, 1 oo, v=1, v=2, and the integral corrected is, 5 = * 


PR OB. XXXIX. 


7 o find the fi of 100 terms of the ſeries, . + 1242 +56 + 8 
+ $4 &. | 


Let be any term, x its place; then the next term is . 
| 2X +1 1 
Put z=2x+1, then & XN =2, | And —.— St, or H ;=5. Then 
1 2 *I 


by Examp. 23. Prop. XIII. s = es Sy where 1=1; that 1s, 

2 . 

s; but when So, ul, rg, $82 3 therefore by 

241 3 . | | 
2 


2&1 


3 
. : _ i i 201 2 : 
is the 101th- term, loi, 282203. Therefore x 2.= 


= 
correction 5 = — — 4 = 


3 — 3, Here in this caſe t or s 


67. — NS. 


Now to ſind 5s by Prob. XIV. z=102, x=203, then 


55 = 1.570796 „: 203 w_ ++ + : 


+ — - 
8.203 16. 203 . 205 
203 _ 207 &: = 318.08716, and 5 = 17,8353 therefore 
= 67 X 17.835 —3 = 1194.9448 — , 6666 = 1194. 2782. 


22—1 
Hence in general, the ſum of i terms of the ſeries is 2 41 


3 
and therefore the ſum of this ſeries continued ad infinitam, 1s lia 


» | NM m | P R OB. 


— 2 —— — — — 2 — — 4 - — 
* ——— agee ame — — — 1 — —— — 
— Se” 2 = — — — 2 ö : * — 2 of 44 » n yo 2. —— TY n 
— ———— - = > = nk — — " — — r 8 7 5 — — pe. — = . 
7 "x Logs - 2 > ag £5 * 5 1 5 — 7. os —— = —_ - — * Ft OY * 
N 4 — "1 4 7 * 1 "WY iu 7 - Wie. * 7 — 
— 2 — — 
_ 7 3 _ 9 . en * * 


— ——— — Ng 
mu - — 2 * — FT. 
8 1 - — ; . L 
— 25 on 8 6: 22 C FR Ke - ta 
— n — n 3 3 


— — 1 * 
—— 2 2 — * . 
1 w +l,” ok * TIF ng, « 


- * 2 
8 2 e 2» Cx 2 „ * 
323 ²— OS 


— 42-49 -204s 


AI” —— agg 


8 
TY 
F 
1 
7 
75 
8 
£ 
T | 
x 
4 
dy 


i 
: * 
N 
* 
: 
| 
1 
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Pao 5. XL. 


70 find the ſum of 1000 terms of the ſeries, 1 Þ+ 2 A+3B 
+iC+$D + #5 E &c. - 


Loet 7, 4 be two terms of the feries, ſucceeding each other, x the 


— a 
lace of 7, 12 ths 1 = 7 5 or — , and let 5 = 


ſum of #—2 terms. Then — . And by Examp. 23. Prop. 
5 | NT 
5 


1—2 - 


| PD | 
Al, 3: = =S, where 1 = — 4, I. Therefore 5s = 


N— 2X2 
= —— 42 — s, But when So, S=I, #—2=0, or #=2, 


— | * 1 * 


| = ; © Shs 
Therefore by correction S = 2— 


1 * 


| 8 V 
Now to find 5 or t, the x—1 term. 
3 


By Prob. XVI. We have = AR * + B ** + C x + Da &e. 


Where 


B = . === 
| S RELA + STA = 57 A = $:0078125 A. 
988 3 A F< + x 3.0078 A 4.61426 A. 
E . 
5 * W 
But . = * 2. + * + = + = &c. that „ 
A 8 4.61426 

e, , ee lee 

6.0720 10.519 1 

n + e &c. 


Now 
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Now let t be the gth term, x—1=9, or x=10; then 


+ 1.1.3-5-7.0.11.13.15--- 5.1.19 


© 4-6-8.10.12.14.10.18 24. © 0 
Whence 
VVV 00781 61426 
021826 = „ „„ „ SOOTSE 1, T6 
io 10 5 100 * 1000 5 10000 
6.972 | 10.6 . | 
I00000 1000000 n 


And collecting the terms, 


0 | +TI00000 


„122301 


8 


021820 10 = A Xx: 122301, whence A = 564188. 


Therefore 5 = 2 — . & SE x: + ENS. 4 
2.0078, 4614. 6:47 -;, 10.5- 
* ＋ jp * — ＋ . &c. 


Now let x—2=1000, or g= 1002, then 


3 


7 | 
V 1002 1002 1004004 EP 
35.682404 Xx. 009982 = 2 — ,356182, that is, 


s 1.643818, the ſum of 1000 terms. 


= 2, 


P R 0 2. 


Hence if x be infinite, the ſum of all the terms ad infinitum is 


— — 3 Go, 35 


8 In — . 1 =_ - Gs 233 : 
2 2 — — i ge = * n > #4 2 o 2 22 T4 \ F - N — — — —9 — — —— ä — — — N - > = * 
= ä IN = r -” 9 ——— i x 
e PA a * - 2 ＋ + 2 3 SS, - Lens = 2 # N # by 2 
N a 7 6 nail. r * : n > by * x »" Mc: 72 r — 
. l Sv ec BET. — "At, * 8 8 1 c r * 1 TIOGPS: , * = e £ at 4 _— 24 ws . 

- = a c ˙ 3a td Er : - "wy pre” on 2 n 0 
— — 1 S e me * * F * 4674p Ar win 0 nnn F * 
y N * . 2 * - 3 2 3 * ans ER 

72 71 * - 
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PA OB. XII. 


To find (s) the ſum of 2 terms of the ſeries, FOE CR + 
344000544”. 


5˙6. „ Ss 
8 e . SÞ1----. — 
Here the 2" tem — and the z+1 term or 
| zZ+2.2+3.4 | 


— X—| Put v=z+3;. then V=2+4, 93. 


Tan ——X4 Compare this increment with Ex- 


ample 22. Prop. XIII. and we have r=2, a=", R = et =o 2, 
Z2=2+1, vr, whence by that Example we have 


cn ond is ed AL 
3-4* „ > Da 
L : '6 Iv: .-ZV 
DT V 
— 5 8 &c. 
39 0 
3 5 3 


Now let 155 then vg, and the ſum of 6 terms, computed from 
the given ſeries, will be 0691915 ; therefore by correction, 


: ; 1 : 
0601 — 0 —. int EO 2p OC ICE, 
E 
= 3.11 
9. 10 
e cc. = — to . 63 = 
8 bo 7 N 72288 X into 32473 Q- 


— 082 whence * 069 243. And therefore 
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s =.069243 * into 1 — 5 — = A . | 
3 yo SB — 2 C&, 
z 
VV 


It is evident the ſum of the whole ſeries ad inſiuitum is =.069243. 


PR OB. XLII. 


To find s 5 ſum uf 2—1 terms of the ſeries, T * 7 A + 55 B 
5 * *c + 3:59 ID &c. | - 
- '7 7 , | 


Let the zu term be v, then 2272 vv; 


22+1 


But by the proceſs in Prob. XVII. we have v=A X:1 + Ir 


+ 35 + 2375 &c. where X=221I 3 and A = .78539816 ; 


that 6: 


6 
+ AX x * * 1 8x 2XXX 3 * XX 
3 = 3 # * ; 
&c. But by 8 12. Prop. XIII. [-] * 
Ew —— FSOIDS - , DADS. X10 Therefore 
12%X x 12 x.. * 120 . «„ 20 XK. 4 | 
1 2 1 4 
_ E x1 _2 19X4_- &c; 
: ESR: 772 Ax "TOM TY elf _ I20X.,.8 


— 378 9.76. Fe. 
41657 4 Garin  Vx..x 


where X = hyp. log. x, and x=2 r That 


ape 
4b 


— . ro * OY Re 
8 * n 
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en op; DE STO oy 2149; * mT Koons N 7 x rr <7 2 7 - | 4 * ; | 
" * 2 2 " £ * _ 1 . — — — rer n 2 — hy" — — 222 = 2 a * — — p 
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That is, 


the ſum of z—1 terms. 
Now le 2—1 = 10, or 2 211, then * 23, X=2 3 and then 


2 : 23 ＋ 48424 — . 
E = C + kad + 4 -- 16.23 43.4.6 * 
„ FORE 9.189 „ | 
6.23.25.27 2329 3 


Then collecting the ſeveral terms, | + 11 . 500000 
and ſumming up 10 terms of the + 783873 
given ſeries, which is "vg we — 
have '. — 


© 459536 = = Q + AX 12.258290 | 
= Q + 9.627038, = 4. 


Whence 8 $2, "5055: 


. 025563 
FFF 2 75 2 — - 258290 


T herefore 


5 x | xXx = 9 6.8123 
42 1. 168 102 + A X : + 2 . 


- 


And hence, the ſum of all the terms ad infinitum, is jufinite. 


PR O B. 
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Pao >. XLII. 


To Sud , the ſom 8 x terms of the faris, 1 . LAS 4 


- Firſt, find the *+ „ term by Prob. XVIII. Let the & * 


2 
term be ; hen 115 the ſeries, — 2X3 :; put Z=2x+3, 


Eng 
then 1 here 7 = 1, 2=2xX=2. Then 
Z 2— 1 
3 1 5 
= . — 
N 1 2 ” 


Let „＋1 10, or x q, then 2 21. 
Then calculate the 1oth term of the given ſeries, which is 1. 241816; 
then we ſhall have 


. | 


1.241816 = AX:1I — = Q + = R + 8.2 dee. 


„ * * 
Ax. 975320 


Whence A = 1.273240. 


1 


Then to find the ſum of the feries, we have the r term or 


12 1.273240 K I — 7 P + 55 Q + 5 R &c. that 1s, 


a RR © 


= — A X 2 1 _ — 3 e ee 23 1 315-52: te. 
22. --2:4 22 2.4.0 2 22 2.4.6.8 8 2 


Then finding the integral, 
DR FR LS = 3.15 _ 
n [—] + + + 


2-15.35 416-356-693 
T 8.2.4.0. 8. 10 2.2 4. 


0.2.4.0. 8 2. . 2 


8 2 2 4.2 15 2% 
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6 ' a 2 
2 EZ 22 1222 122 2 
1 2 


29? _ &c, where Z = h. log. 2. 
120 X 2 


hw finding the numeral coefficient of all the terms, we ſhall 
ave 


3 Fong 2575 234325 6836 , 3.2300 | 
e * F ZZ . 2 2 
3 


2 oh 08313 1666 6333 
. * T En n... on 


- 


That is, 


1 2 —2 +4375 27 8302 3.8628 
ee $4 T 2 + 7 2 2 8 
14 3 


24.020 210 22180 
22 + + &c. 
2 X 2 XX 
| 4 3 6 


+ 


| Now to find Q, for correcting the integral; take x= any num- 
ber, as ſuppoſe 10, then z=23; then ſum up 10 terms of the gi- 
ven ſeries, which is 11.868631 ; then 


_ 6—3.135494 , +4375 3177 
11.868631 + A x: 2 + * 
, 5 * 4 F 


8 8 = 2 + AX 10.735766 = — * 13. 6692053 then 
Q = — 1.800574 3 


Therefore in general 


| — 1 4 | 22—2 | 4375 es 3177 
+= I. 800574 + AX: * . _ 


— — —— > == = 
2 Xx Ez" 3 - 232 P 2 — 2 ——— „) — = _ - — 1 
r „ Lo r n _— . 5 IE 2 6 PLA PW rg tg > + = = 
A as OE. ä SHY FF RES. n 4 5 — : 1 , 
2 n axe. gh, 2 * 2 I" * ds ON _ p ; * 2 fs * K 
— 3 P ER” Trog- EC 8 * N = . — g 
Pa : - . 3 . x a. a PEW * . 1 _ . 
+ bs w_ 2 = . i” 5 5 4 7 
127 —— pong l La "wr IG N A 2 2 — — * — — 2 — 4 De ENT * = 2 9 8 = 
2 — 8 K — * 


22 ——— 2 — ow. = 
ö 
S 
en Co 


N 8 302 * 
2 28 
12 


we Wap” > 
„ 
n 


Hon. 


I _ 
SI 8 
£* "gf 
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. 
r - T> l 


— — won ens Sn once nb — 


2 * — 
82 * * „ a > — 
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PAO B. XLIV. 
To find (©) the ſum of X=—1 terms of the ſeries, 1 + — L A ＋ 33 B 


2 4˙5 
* 8 1 G G 170 D &c. expreſſing + the circumference of the 
circle whoſe 3 — 5 1. 5 
Let be the place of any term t, then - , or 
K VVV 2 x 21 41 
2 ee 
. — 53 put z Z=2X, then Fr iK, and pr. ERIN 
2772 an | 2. 2+1 
_ — 8 this with Examp. 28. Prop. XIII. 
I» 22 
and we have m=—2, 2=1, p=1, 4=—3. From hence we ſhall 
find * . 8 
5 1 2 — — 79 "a — 26.43 . &c. 
Therefore 


Sum up 10 terms of the given a tes, which 1 is 1. n then the 
11th term = , 008390337, put theſe for 5 and 5, then #—1=10, or 


+ and $2022, _—_ we ſhall have, by correction, 


$—1:3916946 S — 2 4 — 4. —— &c. 


2 8 8 8 © 2 5 4 <2 20 
DOT INNIE Kune 2h. 3 15,22 35.22.24 25 21. 22.. 26 
. ſumming up this laſt ſeries, 
33 22. 28 


i= 1; 39169463 + 00839924 X 21. 3461869 + 
1X — 2 + * — &c. = 1.3916946 + . 1791017 | 
3 _ | a | 
+ 5 xXx: : == Z ＋ 7 Ke. 


0 0 T 


142 The M E T H oO D ef 
That is, | 
s = 15707963 —5X: 2 = TY F 55 e In 10 


2 


Os ot EXE 26.43". cc. the ſum of x—1 terms of the ſeries 
332. 2 S8. 2 


3 4 


Now to find 8, any roquiees term of the ſeries: T his, may be done 


by Prob. XIX, or eafier by Prob. XXI. It is bie, che ſucceſlive terms 
of the given ſeries, expreſſed at length, will be TOES 


"wweay 


9 1.1.1.3.3, 1-1-1:3-3-5-5 „ r. that is, $5 is; 
2.3 2.3.4.5 2.3-4:5-0.7 2.3 2.4.5 
1 &c. therefore the th term or s will be * 
BHI «> 2X3 7 1.3.8 2X—3 5 „ Oreo 

Sc 2.4.6 4 Me 2—1 


46.5. . . 3 4. I ; 


_ 


Therefore if we find the log. of 22: 5x Hh —— 3, 2 divide the num- 


ber anſwering thereto, by 2x—1, we ſhall have the value of , or the 


ob term of the ſeries. Therefore comparing this with Prob. XXI, we 
have a=1, b=2, 7=2, 1 = —1, X=2, YJ=2X—2, & (3+r=)28=2. 
Whence A= —, B =I, HEN e I alan =, 928 and 


M = 4342944833 | 2 51 ng 

Hence we ben have 5 or we log: = the af term = = —=1Z 4 
133 97 re Me "75 2 

M x : = 5 3 + + - po * . c. But when «=I, 


222. And the = term being 0 = Fs 9 


Teen multiply by 21, and we have 1 — 20 = 1761963, and 
its log. = — 1.249968 = P; but when x=22, z 22, S=P; 
therefore by correction, TIN 


S—_P = —3iZ + M x: 3 4+ AN. + a &c. + 2 1:22 — 


Mx: 3 33 J B- tro; ae tet 


3.22 2.22 8.222 4.22“ 20.22 


ſeries 
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ſeries ſummed Up, and the en Oe S = —.098061 7—;Z + 
es 2 a pO ͤ LY EM 
"A 42 X = Jn 5 T 20 85 
Now ſuppoſe 1000 terms of the ſeries be required, then x=1001, 


and z 2002; and therefore putting for z and Z their values, and ' 
collecting the terms of the ſeries, | 


8 == 980617 — I, 6505693 = = — 17486310; 
Or rather — 2.2 51 3690 for the logarithin 1 | 


3 ben if the number anſwering thereto be divided by 2001 (22—1) , — 
you have the term required; or (which | is the ſame thing oY | 1 


© From the log. e "EM 
rae the log. 20 . . 3 eee 


Whoſe number IS 000008915012 I 
being the term 5 required, | nn — p ; 


' > ; 


s = 1.5707963 5X: 2 * 4 == 225 + 25 &c. 


= 1. 1.570796z — SMEs 5012 * 2001,333466 | 
„ 5707963 — .0178419 = 4 5529540 , the ſum of 1000 | | 
terms ; of the ſeries, as required. I | \ 


The ſum of all the ſeries, ad infinitum, is 1. 3707063 ; 1 


For when x and 2 are indefinitely great, then * 2 — 1 Kc. va- 


a 1 ö 
niſhes; for then it becomes 7 == X 2, Or — 2 Z, and therefore the 14 
= | 

greater 2 is, the lefſer the fraction will be whoſe log. is the a” deny | 


number — 22. * } 


* 
1 
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Pa o B. XLV. f 
To find (s) the ſum of 50 terms of the "AYR ſeries, 1' + 2x. 
77777 1 OR 


14 3x + 8 + 2135, &c. where „ 


Here 3, 5, and s, are the three next ſucceeding terms, and by 


9 26 &. + 


compare this with Examp. 29. Prop. XIII. and we have m=xx, 
NE —3%, P=1, 4, &c. So. Therefore we have 


—3TIX TS 3QX—l.$—sS 
„ — — — but when 
Xx — 3 11 * 3 1 | : 
go, S=1, zx, and the integral corrected is 
: © P «| | a ; * 
— — —— 
5 — — | we. {They b * y Ag 
* 3* ＋1 | 


Now all the difficulty will be to find 5 and 5; for this end conti- 


. — 2 1 


ue the ſeries forward; which is done, by taking three times the co- 
nue the f 3 W: 4 8 e 


efficient of any term, and frem that ſubtracting the eoefficient of the 
foregoing; for the coefficient of the next following term, as appears 


by the general conſtruction of the ſeries; and as the power of x is 


known for any term, this difficulty lies in finding the coefficients; the 
ſeries continued out is, e y 


. 5 i +3x+8xx+219 + 55 TL 144 + 3776 + 987% + 2584 


+ 676 + 17711? + 46368x% &c. 


£ * 


But as the producing all the terms as far as the term required, is a 


great deal of labour, we ſhall come at it ſhorter by the following 
method. ; | | | 


Suppoſe any ſeries of the coefficients to be M, N, O, P, Q, R, 8, 
T, U, W, X, Y, Z. And put f=3, g=1, then the ſcale of pro- 


portion, will be g; and ſince by conſtruction of the given ow, 


ſeveral values of Z as follows: 


2 
f Y—gX 


HN. XW 
n 8 W- -V 
2 


In numbers: 


2. 
31 — 1X 
8X — 3 
21W — 8V 
55V — 21T 
1447 — 55S 
3778 — 144R 
987K — 377Q 
2584Q — 987 
6765 — 25840 
&c. 


HFence we have 676;5P—2584 O=Z, Therefore if O be the 2 
term, from the beginning of the ſeries; and Z the 1oth term from 


; WF WP EO e T6 BE : 4 : 
O; then will Z = » +10 term of the ſeries. By this means we 
can paſs from the 1oth term to the 20th, ſrom the 2oth. to the goth, 


and ſo on. | | 

But further; ſince the numbers computed backward from Z, are 
formed the ſame way as the ſeveral terms of the given ſeries; it is 
plain, theſe numbers can be no other than, the terms of the ſaid 
ſeries. They are found the ſame way, for in any term, the left-hand 


number is multiplied by f, and the right by g, and ſubtracted, gives 


the next left-hand number. The right-hand numbers are had by mul- 
tiplyipg the foregoing lett-hand numbers by g. Thefe numbers then 


being the terms of the given ſeries; let a, & be the gth and 1oth 
terms of the ſeries, then bþP—aO = +10, term, as ſhewn before; 


and for the ſame reaſon if a, + are the 10th and 11th terms, 
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Z Y- gx, Y=fX—2W, X = f WV, W=f VT, &c. 
Therefore by expunging ſucceſſively, Y, X, W, V, &c. n get 


ay * ah ” K IE” Y - e 1 
. 3 2 _ — he nn ah I. wy 5 of by - 8 — . „7700.0 ent, 7m et EI oP ng Oe) — / . 
1 =, SY 4 bs 2 - 1 . af * F % 4 
32 "GI D n 0 "Res Sad ha af IS MO ang I er Rr A _  — 
noe A; Eben pw Fe ROE TOO e De LOOT — : 
Y - - 4 —— —ůůů ů ——— © 1 — ——_ 2" SA F 2 


then will 2P— 940 = r term; or in our caſe 
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3540 = = EATON term, and fo on. Whence in general, if O,. P 


be the wn and ys terms; and a, b the mi and m+1 8 terms 


3 


— th 
bP—aO = n+m+1 term. By this rule one may proceed from the 
20th and zoth terms to the goth, and ſo the 100th, the "ps: the 
400th, the 8ooth, the 1000th term, &c. GA ES a 1 8 


There are other methods of doing it, but this method of —_— 


is ſufficient for our purpole. 


In the preſent caſe, 


Let O=65765 (the 1cth term) P=17711 {6 11th term) and there 
wil be had 


2 = = 102334155 the 20th term. 
HO , 7:= 46386, then 
2 267914296 the 21ſt term. | 


From the 2oth and 21ſt terms, there will be found 5325 the prog reſ- 
ſion of the given ſeries, 


701498733 * 22d term. 


Again, putting 4, & the gth and 10th. terms, and o, p the 2oth 
and 21ſt, and then the 21ſt and 22d; the value of 3P—4O' will give 
the zoth term = 1548008(0*), the number 1 548008 with 6 cyphers 


or figures annexed, that is, 


| 1548008(0*5) = Zoth term. 
Likewiſe 4052739006) = 31ſt term. 
And thence 10610210(0f) = 32d term. 
In kike manner, 


nt Fs 40 be the 20th and 21ſt terms ; and O, P the zoth and zift, 
and then the 3 iſt and 32d terms; 


we ſhall find 92737275(0") . gift term. 
and 242789338(0 5) = 52d term. 
5 Laſtly, 
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Laſtly, 


| . correſpondent powers of will be had by the help of loga- 
rithms ; | 


Since =, find che reſpective powers of 2; thus 


250 112590 (Ol), and 251 = 2251800 0e). 


Therefore 


9 = 8323672. 4; and 


11259 &c. 

;= 81.55 - 1078201 .2 3 

* 225 &c. | : 
Therefore 
- 3 X—I,S — 41 __1$—5 +I 
* „„ . 2665456 , 


the ſum of 5o terms of the ſeries as required, | 


Many n more Examples of ſolving Problems, might here be given; 
but the method is obvious to any intelligent reader, 8 
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